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Abstract 

Let M be a complete Riemannian manifold with negative curvature, and let C_ , C+ 
be two properly immersed locally convex subsets of M. We survey the asymptotic be- 
haviour of the number of common perpendiculars of length at most s from C_ to 
C+, giving error terms and counting with weights, starting from the work of Huber, 
Herrmann, Margulis and ending with the works of the authors. We describe the re- 
lationship with counting problems in circle packings of Kontorovich, Oh, Shah. We 
survey the tools used to obtain the precise asymptotics (Bowen-Margulis and Gibbs 
r^ measures, skinning measures). We describe several arithmetic applications, in partic- 
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ular the ones by the authors on the asymptotics of the number of representations of 



rj integers by binary quadratic, Hermitian or Hamiltonian forms, r] 

1 Introduction 



Let M be a complete connected Riemannian manifold with negative sectional curvature. 

Let C- and C+ be two properly immersed locally convex subsets of M. For instance, C_ 
"O and C-f could be points, totally geodesic immersed submanifolds, Margulis cusp neigh- 

ed bour hoods, or images in M of convex hulls in a universal Riemannian cover of M of limit 

^^ sets of subgroups of the fundamental group of M. A common perpendicular between C_ 

and C+ is a locally geodesic path c : [a, b] — )• M such that c{a) is an outer unit normal 



vector to C_ and —c{b) is an outer unit normal vector to (7+ (see Section 3.1 and 3.2 for 
precise definitions). 

The aim of this survey is to present several results on the asymptotic behaviour as s 
Cd tends to -|-oo of the number ^{s) of common perpendiculars (counted with multiplicities) 

between C_ and C+ with length at most s. 

We describe the first results on this problem by Huber |Hub| . Herrmann |Herr] and 
Margulis |Marl| . see also the surveys j Bab2l IShaj and their references. We explain in 
Section [3] how several works of Duke-Rudnick-Sarnak on counting integral points on hy- 
perboloids and of Kontorovich, Oh and Shah on counting problems in circle and sphere 
packings are related to counting problems of common perpendiculars. We particularly 
emphasize the arithmetic applications developped in |PP5l IPP31 IPP4J to the counting of 
the representations of integers by quadratic, Hermitian or quaternionic binary forms, see 
Section [H 
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A few results are new, in particular the deduction of the equidistribution of the outer 
unit normal bundles of equidistant hypersurfaces of totally geodesic submanifolds in a 
hyperbolic manifold from Eskin-McMullen's |EMj work (see Section HI), and the computa- 
tions of the constant relating the Bowen-Margulis measure and the Liouville measure in 
constant curvature and finite volume, as well as the one relating the skinning measure and 
the Riemannian measure on the unit normal bundle of a totally geodesic submanifold in 
constant curvature and finite volume (see Section ItI). 

We survey the main tools used for the counting results, the geometry of negatively 
curved manifolds in Section [2| and in Section |6j the various measures, as the Patterson- 
Sullivan densities, the Bowen-Margulis measures, the skinning measures (introduced by 
Oh-Shah in constant curvature for totally geodesic submanifolds, and developped in gen- 
eral in |PP6] ). that are needed to explicit the multiplicative constant in front of the 
exponential term in the asymptotics of the number ^{s) of common perpendiculars. 

We give in Section ^ a sketch of the proof of the main counting result of |PP7j , which 
seems to contain as particular cases all previous results on the asymptotics of o/K(s), 
and to give many new ones. We conclude the paper by studying the error term to this 
asymptotic equivalent under hypotheses of exponential mixing of the geodesic flow (see 
Section [9]), and by giving counting results when weights have been added to the common 
perpendiculars, by means of a potential function, the main tools being then the Gibbs 



measures (see Section 10) 



To keep this paper to a reasonable length, we have chosen not to develop the related 
counting problems of closed geodesies with lengths at most s, which have been studied 
extensively (see for instance [Bowel IPPol IParl IRob2| IPPS] , and the surveys |Bab2| ISha| 
and their references). 

Acknowledgment. The authors thank the FIM of the ETH in Ziirich, where most of this paper 
has been written, in particular for the support of the first author during the year 2011-2012. We 
thank Hee Oh for the instigation to write Section |4] 

2 Geometry and dynamics in negative curvature 

In this section, we survey briefly the required background on the geometry and dynamics 
of negatively curved Riemannian manifolds, considered as locally CAT(— k) spaces (using 
for instance |BHj as a general reference) , with a particular emphasis on the metric aspects 
and the regularity properties. 

For every n > 2, we denote by IHI|^ any model of the real hyperbolic space of dimension 
n and constant sectional curvature —1. 

For every e > 0, we denote by JV^A the closed e-neighbourhood of a subset ^ of a 
metric space, and by convention jVqA = A. Recall that a map f : X ^ Y between two 
metric spaces is called a-Holder, where a S ]0, 1], if there exists c > such that for every 
x,y in X with d{x,y) < 1, we have d{f{x), f{y)) < cd{x,y)'^, and Holder if there exists 
a G ]0, 1] such that / is a-Holder. 

2.1 Geometry of the unit tangent bundle 

We denote by vr : TN — )• N the tangent bundle of any (smooth) Riemannian manifold N, 
and again by vr : T^A^ — t- A^ its unit tangent bundle. Recall that the Levi-Civita connection 



V of A^ gives a decomposition TTN = V®Hoi the vector bundle TTN — t- TN into the 
direct sum of two smooth vector subbundles V — )• TN and H — )■ TN , called vertical and 
horizontal, such that if Try : TTN -^V\s the linear projection of TTN onto V parallelly 
to H^ if H^ and V^ are the fibers of H and V above v G TN , then 

• we have K = KerT^vr = Tjj(T^(^y)N) = T^^^-^N; 

• the restriction Tttij^^ : Hy — )• Tj^(^y\N of the tangent map of vr to Hy is a linear 
isomorphism; 

• for every smooth vector field X : A^ — )• TN on A^, we have V^X = vry o TX(v). 
The manifold TA^ has a unique Riemannian metric, called Sasaki's metric, such that 

for every v G TM, the map Tn^jj^ : Hy — )• T^(^y-^N is isometric, the restriction to V^ of 
Sasaki's scalar product is the Riemannian scalar product on r^(„) A^, and the decomposition 
TyTN = Vy (B Hy Is orthogoual. We endow the smooth submanifold T^N of TN with the 
induced Riemannian metric, also called Sasaki's metric. The fiber T^N of every x S A^ is 
then isometric to the standard unit sphere S"~"^ of the standard Euclidean space M", if n 
is the dimension of A^. 

The Riemannian measure dVol^^i^ of T'^N, called Liouville's measure, disintegrates 
under the fibration tt : T'^N — )• A^ over the Riemannian measure d\o\N of A^, as 



d\o\'j'i]S! = / d\o\xiM dVolAr(x) , 

JxdN 



ixeN 
where (i Volj'i^ is the spherical measure on the fiber T^N of vr above x ^ N . In particular, 

Vol(riA^) = Vol(S"-^) Vol(Af) . 

2.2 Holder structure on the boundary at infinity 

Let M be a complete simply connected Riemannian manifold with dimension at least 2 
and sectional curvature at most —1, and let xq G M. To shorten the exposition, we assume 
in this survey that M has pinched negative sectional curvature —h^<K<—l (where 
6 G ]0, +oo[), though this is not necessary except when working with Gibbs measures in 



Section 10 see |PP6l IPPT] for the extensions. 

We denote by d^oM the boundary at infinity of M, with its usual Holder structure 
and conformal structure, which we describe below. Recall that a Holder structure on a 
topological manifold X is a maximal atlas of charts {U,ip), where (p : U ^ v(^) is a 
homeomorphism between an open subset U oi X and an open subset of a fixed smooth 
manifold, such that the transition maps are a-Holder homeomorphisms for some a > 0. 

Two geodesic rays p,p' : [0,+oo[ — )• M are asymptotic if their images are at finite 
Hausdorff distance, or equivalently if there exists c > and to S M such that d{p{t), p'{t + 
to)) < c e~* for all t G [max{0, — toj^+col- The boundary at infinity dooM of M is the 
quotient topological space of the space of geodesic rays, endowed with the compact-open 
topology, by the equivalence relation "to be asymptotic to" . The asyinptotic class of a 
geodesic ray is called its point at infinity. For all x G M and ^ G dcx:iM, there exists a 
unique geodesic ray with origin x and point at infinity ^, whose image we denote by [x, ^[ . 
Given two distinct points at infinity ^,?7 G dooM, there exists a unique (up to translation 
on the source) geodesic line p : "K ^ M such that the points at infinity of the geodesic 
rays t i— )• p{—t) and t i— )• p{t), t G [0, -|-oo[, are ^ and tj, respectively, and we denote its 
image by ]^,r][. 



For every x G M, the map Ox from T]^M to dooM, which sends v G T^M to the point 
at infinity of the geodesic ray with tangent vector at the origin v, is a homeomorphism. 
We define the angle Zx{y,z) of two geodesic segments or rays with the same origin x 
and endpoints y, z £ (M — {x}) U dooM as the angle of their tangent vectors at x. The 
disjoint union MUdooM has a unique compact metrisable topology, inducing the original 
topologies on M and on dooM, such that a sequence of points (yn)neN in M converges to 
a point C e dooMji and only if lim„^+oo d{yn, xq) = +00 and^hm„^j_oo ^xoiVn, = 0- 
An isometry 7 of M uniquely extends to a homeomorphism of M U dooM, and we will also 
denote by 7 its extension to the boundary at infinity. 

Since M has pinched negative curvature, an easy comparison argument shows that the 
maps 6~^ o 0^1 : T^,M — t- T^M, for all x, x' G M, are a-Holder homeomorphisms for some 
a > 0. Hence there is a unique Holder structure on the topological manifold dooM such 
that 9x is a Holder homeomorphism, for every x £ M. Furthermore, the isometries of M 
are a- Holder homeomorphisms of dooM for some q > 0. 

2.3 Conformal structure on the boundary at infinity 

Let us now define the natural conformal structure on dooM. Recall that two distances d 
and 5 on a set Z are called conformally equivalent if they induce the same topology and if 
for every zq G Z, the limit liuix^zo,x=/=zo s(x'T) ^^i^ts and is strictly positive. The relation 
"to be conformally equivalent to" is an equivalence relation on the set of distances on Z, 
and a conformal structure on Z is an equivalence class thereof. 

Let Z and Z' be two sets endowed with a conformal structure, and let d and d' be 
distances on Z and Z' representing them. A bijection 7 : Z — )■ Z' is conformal if the 
distances d and 'j*d' : {x,y) 1— t- d'{'jx,'yy) are conformally equivalent, that is, if for every 
zq G Z, the limit lim.x-).zo,x^zo djx']^) exists and is strictly positive. This does not depend 
on the choice of representatives d and d' of the conformal structures of Z and Z' . 

The Busemann cocycle of M is the Holder continuous map /3: M x M x d^M — )■ M 
defined by 

{x, y, ^ l^d^^ V) = , lim d{pt, x) - d{pt, y) , 

where p : t >-^ pt is any geodesic ray with point at infinity ^. The above limit exists and is 
independent of p. The Busemann cocycle satisfies the following equivariance and cocycle 
properties: 

/3^5(7x,7y) = /35(x,y) and f3^{x,y) + l3^{y, z) = l3^{x, z) , (1) 

for all ^ G dooM, all x,y, z £ M and every isometry 7 of M, and in particular /3^(y, x) = 
—P^{x,y). By the triangular inequality, we have 

\l3^{x,y)\<d{x,y). (2) 

If y is a point in the (image of the) geodesic ray from x to ^, then /3^(x, y) = d{x, y). For 
every y £ M and ^ G dooM, the map x 1— )■ /3^(x, y) is smooth and 1-Lipschitz. 

For every ^ £ dooM, the horospheres centered at ^ are the level sets of the map 
y I— )■ f3^{y,xo) from M to M, and the (closed) horoballs centered at ^ are its sublevel sets. 
A horosphere centered at ^ is a smooth hypersurface of M, orthogonal to the geodesic 



lines having ^ as a point at infinity. In the upper halfspace model of the real hyperbolic 
space HJ, the horospheres are the horizontal affine hyperplanes therein or the Euclidean 
spheres therein tangent to the horizontal coordinate hyperplane, with the point of tangency 
removed. In the ball model of the real hyperbolic space H^, the horospheres (respectively 
horoballs) are the Euclidean spheres (respectively balls) tangent to the unit sphere and 
contained in the unit ball, with the point of tangency removed. 

The horoballs are limits of big balls (and their centres the limits of the centres there- 
of, explaining the terminology) . More precisely, if p is a geodesic ray in M with point at 
infinity ^, if B{t) is the ball of centre p{t) and radius t, then the map 1 1— )• B(t) converges to 
the horoball HB of centre ^ containing p{0) in its boundary, for the Hausdorff convergence 
on compact subsets (that is, for every compact subset K of M, as t — ;■ +00, the closed 
subset {B{t) n K)U ^K converges to the closed subset {HB n K) U '^K for the Hausdorff 
distance). 

For every x G M, for all distinct ^, ?? G dooM, the visual distance between ^ and r] seen 
from X is 

J^(^^^)^ 11^ ^~^{d(x,p^{t))+d{x,pr,{t))-d(p^{t),p„{t))) ^ 

t— >+oo 

for any geodesic ray p^ and prj with point at infinity ^ and rj, respectively. Equivalently, 
with t >-^ pt and t h^ p[ the geodesic rays with origin x converging to ^ and r], we have 

4(C,?7)= lim e^'^(^*'^*)-* . 

t—>-+co 

Again equivalently, if u is any point on the geodesic line between ^ and rj, then 

dcc{C,v) = e-i(^«(^'")+/^''(^'")) . (3) 

Define dx{^, r/) = if .^ = r/. 

For every x G M, the above limits exist and the three formulas coincide. The map 
dx : dooM X dooM — )• [0, +oo[ is a distance, inducing the original topology on dooM. For 
all x,y G M, for all distinct S,,r] G dooM, and for every isometry 7 of Mwe have 



g-d(x,]$,r,[) <dx{C,v) < (l + \/2)e- 



■d{x,](,7^[) 



d'yx{l^,7V) = dx{^,v) ■ (5) 

It follows from Equation Q that the visual distances dx for x G M belong to the same 
conformal structure on dooM. It follows from Equation Q and Equation ([5| that the 
(boundary extensions of) the isometries of M are conformal bijections for this conformal 
structure. Furthermore, these equations and Equation ([2]) imply that the isometries of 
M are bilipschitz homeomorphisms for any visual distance: for all x G M, for all distinct 
^,1] G dooM, we have 

^-2dix,^x) ^^(^^^) < 4(7^,7^) < e^-^^"'^^) dxiC,q) . 



2.4 Stable and unstable leaves of the geodesic flow 

We now turn to the description of the dynamics of the geodesic flow on M. 

The unit tangent bundle T^N of a complete Riemannian manifold A^ can be identified 
with the set of locally geodesic lines (parametrised by arclength) £: M — )• A^ in A^, endowed 
with the compact-open topology. More precisely, we identify a locally geodesic line i and 
its (unit) tangent vector ^(0) at time t = and, conversely, any v & T^N is the tangent 
vector at time t = of a unique locally geodesic line. We will use this identification 
without mention in this survey. In particular, the basepoint projection tt: T^N — >■ iV is 
given by 7r(£) = ^(0). 

The geodesic flow on T'^N is the smooth 1-parameter group (gf*)igiR, where g^i{s) = 
i{s + t), for all £ G T^N and s,t G M. We denote by t : T^N -^ T^N the antipodal (flip) 
map V I— >• —V. We have i o g^ = g~^ o l. The isometry group of N acts on the space of 
geodesic lines in N by postcomposition: (7, i) 1— )• 70 ^, and this action commutes with the 
geodesic flow and the antipodal map. 

For every unit tangent vector v £ T^M, let V- = f (— 00) and v+ = v(+oo) be the 
two endpoints in the sphere at infinity of the geodesic line defined by v. Let d'^M be the 
open subset of dooM x dooM which consists of pairs of distinct points at infinity, with the 
restriction of the product Holder structure. Hopf's parametrisation (see |Hop| ) of T'^M 
is the Holder homeomorphism from T'^M to d'^M x M sending v £ T^M to the triple 
{v-,v+,t) G d'^M X M, where t is the signed (algebraic) distance of 7r(t;) from the closest 
point Pv,xo to xo on the (oriented) geodesic line defined by w. In this survey, we will 
identify an element of T^M with its image by Hopf's parametrisation. The geodesic flow 
acts by g'^{v-,v+,t) 
{'yv-,'yv+,t + try^y), wherc t^^^ 



(f_, v^,t + s) and, for every isometry 7 of M, the image of 'jv is 
is the signed distance from 'ypv,xo to p-yv,xo- Furthermore, 
in these coordinates, the antipodal map l is {v-,v+,t) 1— )• (f+,f_, —t). 



The strong stable manifold of v £ T^M is 

W''{v) = {v' G T^M : d{7T{g%),7r{g*v')) ^ as i ^ +00}, 
and the strong unstable manifold of v is 

W''{v) = {v' G T^M : d{7T{g%),7T{g^v')) ^ as t ^ -00}, 



The projections in M of the strong unstable and 
strong stable manifolds of v G T^M, denoted by H-{v) = 
'k{W^^{v)) and H^{v) = tt{W^^{v)), are called, respectively, 
the unstable and stable horospheres of v, and are the horo- 
spheres containing tt{v) centered at V- and v+, respectively. 
The unstable horosphere of v coincides with the zero set 
of the map x 1— )• f-{x) = f3y_{x, 7r{v)), and, similarly, 
the stable horosphere of v coincides with the zero set of 
X I—)- f+{x) = [3vj^{x,tt{v)). The corresponding sublevel sets 
HB^{v) = /r^(] - 00,0]) and HB+{v) = f-\] - 00, 0]) are 
called the unstable and stable horoballs of v. 

The union for t G M of the images under g^ of the strong stable manifold of u G T^M is 
the stable manifold W^{v) = \^t^^g^W^^{v) off, which consists of the elements v' G T^M 




with v'_^_ = v+. Similarly, the union of the images under the geodesic flow at all times of 
the strong unstable manifold of v is the unstable manifold ^^{v) of v, which consists of 
the elements v' E T^M with v'_ = v-. 

The subspaces W^^{v) and VF^"(u) (which are the lifts by the inner and outer unit 
normal vectors of the unstable and stable horospheres of v, respectively), as well as W^{v) 
and W^{v), are smooth submanifolds of T^M. The maps from M x W^^{v) to W^{v) 
defined by {t,v') i—?- g^v' and from M x W^^{v) to W^{v) defined by {t,v') i-^ g^v' are 
smooth diffeomorphisms. We have W^^{iv) = lW^'^{v). 

Hamenstadt's distance on stable and unstable leaves 

For every v G T^M, let d^^ss^^) be Hamenstadt's distance on the strong stable leaf of v, 
defined as follows (see |Hamlj . |HPH Appendix], as well as |HP3l §2.2] for a generalisation 
when the horosphere H^{v) is replaced by the boundary of any nonempty closed convex 
subset): for all w,w' G W^^{v), we have 

dwssM{w,w')= lim ei^(»(-*)' '"'(-*))-*. 

This limit exists, and Hamenstadt's distance is a distance inducing the original topology 
on W^^{v). For all w,w' G W^^{v) and for every isometry 7 of M, we have 

For ah V G T^M, s gR and w, w' G W'^iv), we have 

dw^^{g'v){9''w,g''w') = e~''dw^<>{v){w,w') . 

For every horosphere H in M with center iJ^a , we also have a distance da on the open 
subset dooM — {Hoo} defined by 

dH{i,ri)= lim e*dp,(^,7?)= lim e ^ '^^^^ '''*)-* , 

where t 1— )■ p( is any geodesic ray with origin a point of H and point at infinity Hoo-, and 
t ^ ^t and t ^ rjt are the geodesic lines in M with origin ffoo, passing at time t = 
through H, and with endpoints ^ and rj, respectively. Using the homeomorphism from 
W^^{v) to dooM — {v+} defined hy w ^ W-, we have 

dw<^<^(v){w,w') = dH+{v){w-,w'_) . 

The distance dfj and the restriction of any visual distance to dooM—{Hoo} are conformally 
equivalent, since for all x £ H and S,,rj £ dooM — {Hoo}, with the above notation t h^ (^t 
and 1 1— ;■ ?7t, we have 

dxiC,v) 
The Anosov property of the geodesic flow 

The strong stable manifolds, stable manifolds, strong unstable manifolds and unstable 
manifolds are the (smooth) leaves of Holder continuous foliations on T^M, invariant under 



the geodesic flow and the isometry group of M, denoted by W^ 



and W^, respec- 



tively. When M is a symmetric space (that is, up to homothety, when M is isometric to 
the real, complex, quaternionic hyperbolic n-space or to the octonionic hyperbolic plane), 
then the strong stable, stable, strong unstable and unstable foliations are smooth. But in 



general, the Holder regularity cannot be much improved, as we will explain in Section 2.5 
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Let A^ = T^M. The vector field Z : N ^ TN defined by t; h-> Z{v) = ftg-[v) is 
called the geodesic vector field. The geodesic flow (g*)jeK on the Riemannian manifold N 
is a contact Anosov flow. That is, the vector bundle TN -^ N is the direct sum of three 
topological vector subbundles TN = Esu®Eo®Ess that are invariant under (g*)fgiR, where 



EoHT^N = RZ{v), 



Esu n T^N 



%W'''{v) 



Ess n T^N 



TvW^''{v), and there exist two 



constants c, A > such that for every t > 0, we have (see the above picture on the right) 
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TvQ \Ej\<ce and II r„ 5 |£;,,||<ce^ 
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Furthermore, if a is the differential 1-form on N defined by (^\Esvl®Ess ~ *-* ^^"^ '^(-^) ~ 1' 
called Liouville's 1-form, then a A {da)^~^, where n is the dimension of M, is a volume 
form on A^, which is invariant under the geodesic flow. Thus, the strong stable leaves 
are contracted by the geodesic flow, and the strong unstable leaves are dilated. See for 
instance |KHj for more information. 

2.5 Discrete isometry groups 

Let r be a discrete group of isometrics of M, which is nonelementary, that is, it does 
not preserve a set of one or two points in M U dooM. To shorten the exposition, we will 
assume in this survey that F has no torsion, though this assumption is not necessary (see 
|PP5| lPP6l IPP7J for the extension), and is useful for some arithmetic applications. 

Let us denote the quotient space of M under F by M = F\M, which is a smooth 
Riemannian manifold since F is torsion free. We also say that the manifold M is nonele- 
mentary if F is nonelementary. 

We denote by AF the limit set of F, that is, the set of accumulation points in dooM of 
any orbit Tx of a point x of M under F. It is the smallest nonempty closed F-invariant 
subset of dooM. The critical exponent of F is 



(5r = lim — lnCard{7 G F : d{xo,^xo) < n}. 

n— s>+oo n 



The above limit exists (see jRoblj ). and the critical exponent is positive (since F is nonele- 
mentary), finite (since M has a finite lower bound on its sectional curvatures, see for 
instance |Bowd] ) . and independent of the basepoint xq. 



Since F acts without fixed points on M, we have an identification T\T^M = T^M, 
and we again denote by W^^ ^W^ ,W^^ and W^ the Holder continuous fohations of T'^M 
induced by the corresponding ones in T^M. We use the notation (g(*)igiR also for the 
geodesic flow on T^M. We again denote by i : T^M — )• T^M the antipodal (flip) map 
V I— >• —V, which also anti-commutes with the geodesic flow. 

Let us conclude this section by explaining some rigidity results on the regularity of 
the foliations W^^, W^, 'W^^ and W^ . Anosov has proved that if M is compact, then the 
vector subbundles -Esu and £"88 are Holder continuous. If M is a compact surface, Hurder 
and Katok |HK| Theo. 3.1, Coro. 3.5] have proved that these subbundles are C '" for every 
a G ]0, 1[ (see also [HPuJ ). and that if they are C^'\ then they are C°°. Ghys [Gl^^ p. 267] 
has proved that if M is a compact surface, and if the stable foliation of T^M is C , then 
the geodesic flow is C°°-conjugated to the geodesic flow of a hyperbolic surface. In higher 
dimension, we have the following result. 

Theorem 1 (Benoist-Foulon-Labourie |BFL| ) Let M be a compact negatively curved 
Riemannian manifold. If the stable foliation ofT^M is smooth, then the geodesic flow of M 
is C°° -conjugated to the geodesic flow of a Riemannian symmetric manifold with negative 
curvature. D 

3 Common perpendiculars of convex sets 

Let M be a complete nonelementary connected Riemannian manifold of dimension at 
least 2, with pinched negative curvature —b^ < K < —1. Let M — )• M be a universal 
Riemannian cover of M, so that M is complete simply connected with the same curvature 
bound, and let F be its covering group, so that F is a discrete, torsionfree, nonelementary 
group of isometrics of M. 

3.1 Convex subsets 

Let C be a nonempty closed convex subset of M (recall that a subset A of M is said to 
be convex if (the image of) any geodesic segment with endpoints in A is contained in A). 
We denote by dC the boundary of C in M and by dooC its set of points at infinity (the 
set of endpoints of geodesic rays contained in C). We say that the F-orbit of C is locally 
finite if, with T^ the stabiliser of C in F, for every compact subset K of M, the number 
of right cosets [7] G F/Fg such that 7C meets K is finite. 

Natural examples of convex subsets of M include the points, the balls, the horoballs, 
the totally geodesic subspaces of M and the convex hulls in M of the limit sets of nonele- 
mentary subgroups of F. Recall that the convex hull of a subset A of dooM with at least 
two points is the smallest closed convex subset of M that contains A in its set of points 
at infinity. 

Let Pq : M\J {dooM — 5ooC) — ^ C be the closest point map: if ^ G dooM — dooC, then 
Pq{0 is defined to be the unique point in C that minimises the map x 1— )■ /3^(x, xq) from 
C to M. For every isometry 7 of M, we have P p? o 7 = 7 o P~. The closest point map is 

continuous in the topology of M U dooM. 

Let 5^C be the subset of T^M consisting of the geodesic lines t>: M — )• M with v{0) G 
dC, f+ ^ dooC and P^{v+) = v{0). Note that TT{d\C) = dC, and that for all isometrics 



7 of M, we have d^{'jC) = ^ d\,C . In particular, d\C is invariant under the isometries of 
M that preserve C. When C = HB-{v) is the unstable horoball of f G T^M, then 5^C 
is the strong unstable manifold W^^{v) of v, and similarly, W^^{v) = id\HBj^{v). 

The restriction of P^ to dooM — dooC (which is not necessarily injective) has a unique 
lift to a homeomorphism 

i^p^ : docM - docC ^ die 

such that TTovP^ = P^. The inverse of uP^ is the map v ^ v+ from d^C to docM — docC. 
In particular, d^C is a Holder submanifold of T^M. For every s > 0, the geodesic flow 
induces a homeomorphism </* : (9^C — >■ (9^_^C. For every isometry 7 of M, we have 
vP ^07 = 70 i/P^. When C has nonempty interior and C^'^ boundary, then d\^C is the 

Lipschitz submanifold of T^M consisting of the outer unit normal vectors to dC, and the 
map Pg itself is a homeomorphism (between dooM — dooC and dC). This holds when C 
is the closed //-neighbourhood of any nonempty convex subset of M with r] > 0) (see |Fedl 
Theo. 4.8(9)], ^^ p. 272]). 

We define a properly immersed locally convex subset C of M as the data of a nonempty 
proper closed convex subset C of M, with locally finite P-orbit, and of the locally isometric 
proper immersion C = T^\C — )• M induced by the inclusion of C in M and the Rieman- 
nian covering map M — t- M. (To simplify the exposition, we don't allow in this survey 
the replacement of Fg by one of its finite index subgroup, but it is sometimes useful.) By 
abuse, when no confusion is possible, we will again denote by C the image of this immer- 
sion. We define 5^C = Fg\9^C, which comes with a proper immersion d^C — t- T^M 
induced by the inclusion of 9^C in T^M and the covering map T^M — >■ T^M. By abuse 
also, we will again denote by 9^C the image of this immersion. 

3.2 The general counting problem 

Let C^,C^ be two properly immersed locally convex subsets of M. A locally geodesic 
path c : [0, T] — )• M is a common perpendicular from C_ to C+ if c(0) G d\.C- and c{T) G 
id\Cj^. For every s > 0, we denote by Perp(^_ (^ (s) the set of common perpendiculars 
from C- to C+ of length at most s. Each common perpendicular c from C_ to C+ has a 
multiplicity m{c), defined as follows. If C_ and C+ are the images in M of two nonempty 
proper closed convex subsets C_ and C+ of M with locally finite F-orbits, respectively, 
then m(c) is the number of (left) orbits under F of pairs ([a], [/3]) in F/Fp; x F/Fg such 

that the closed convex subsets aC- and f3C^ have a common perpendicular (it is then 
unique) whose image by M — t- M is c. (Multiplicities are also useful when F is allowed to 
have torsion and when the stabilizers F^ are replaced by finite index subgroups.) 

In particular, any locally geodesic path is a common perpendicular of its endpoints 
(with multiplicity 1), since the outer unit normal bundle of a point equals its unit tan- 
gent sphere. If C_ and C+ have nonempty interior and C^'^ smooth boundary (in the 
appropriate sense for immersed subsets), the above definition of common perpendicular 
agrees with the usual definition: a common perpendicular exits C_ perpendicularly to the 
boundary of C_ at its initial point and it enters C+ perpendicularly to the boundary of 
C+ at its terminal point. 
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We study in this survey the asymptotic behaviour, as s — )• +00, of the number 

cePerpc.__c+('5) 

of common perpendiculars, counted with multiplicities, from C- to (7+, of length at most 
s. 

Problems of this kind have been studied in various forms in the literature since the 
1950's and in a number of recent works, sometimes in a different guise, as demonstrated 
in the examples below. These examples indicate that the general form of the counting 
results is ^{s) ~ k e , where 5 = (5r is the critical exponent of T and k > is a constant. 
The notation f{s) ~ g{s) (as s — ;■ 00) means as usual that g{s) 7^ for s big enough, and 
that the ratio ^W converges to 1 as s — )• 00. 

Observing that for t > 2e, we have 

we could replace the convex sets C-_ and C+ by their e-neighbourhoods for some fixed 
(small) positive e, and then assume that C_ and C+ have smooth enough boundaries and 
use the more conventional definition of common perpendicular. However, it is more natural 
to work directly with the given convex sets instead of, for example, replacing points by 
small balls. 

3.3 Counting orbit points in a ball 

If C_ = {p} and C+ = {q} are singletons in M, then 

J^(s) = Card{B{p,s)r\rq) , 

for any lifts p and q oi p and q in M. When M = H^ and M is compact and orientable, 
Huber |Hub| Satz 3] proved that 



%-l) ' 

where g is the genus of M. The proof uses the Dirichlet series ^^gp cosh^* d{p, jq) and 
the Tauberian theorem of Wiener-Ikehara |Wie| . 

Margulis |MarH Theo. 2] (see also |Pol| ) generalised Huber 's result for all compact 
connected negatively curved manifolds of arbitrary dimension n > 2. He showed that 

^{s)^c{p,q)e^' 

for some constant c{p, q) which depends continuously on p and q, and if M = HJ^, then 

^^ 2"-i(n-l)Vol(M) ■ ^' 

This agrees with Huber's result in dimension n = 2 because the area of a compact genus 
g surface is ^7r{g — 1). Margulis's proof of the above result established the approach 

mixing — )• equidistribution — )• counting 
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that has been used in most of the subsequent results. RobUn |Rob21 p. 56] generaUsed 
MarguHs's result when F is nonelementary, the sectional curvature of M is at most —1, and 
the Bowen-Margulis measure of T^M is finite, and he has an expression for the constant 
c{p, q) in terms of the Patterson density and the Bowen-Margulis measure, see Section M 
for more details. Lax and Phillips [LP] obtained an expression with error bounds for the 
asymptotic behaviour of ^{s) in terms of the eigenvalues of the Laplacian on r\]HI^ when 
r is geometrically finite (that is, in constant curvature, when F is nonelementary and has 
a fundamental polyhedron with finitely many sides). 

3.4 Counting common perpendiculars from a point to a totally geodesic 
submanifold 

Herrmann [Herri Theo. I] proved for M = Hg, M compact, C_ = {p} a singleton, C+ a 
compact totally geodesic submanifold of dimension fc, an asymptotic estimate 

2 7r("-'=)/2 Vol(C7+) e("-i)^ _ Vol(S"-'=-i) Vol(C+) e("-i)^ 
^^'^ n-l F(^) Vol(M) 2"-i 2"-iVol(M) n-1 ' ^' 

as s — )• +00. Furthermore, he showed that the endpoints of the common perpendiculars 
on the totally geodesic submanifold C+ are evenly distributed in terms of the Riemannian 
measure of C+. More precisely, if rj+ is a measurable subset of C+ with (Lebesgue) 
measure boundary, and ^, rj+(s) is the number of those common perpendiculars of {p} 
and C-|_ whose terminal endpoints are contained in r2_|_, then, as s — )• +oo, 

Vol(S""^'i)Vol(l]+) e("~i)- 
=^P. ^+ (^) 2-iVol(Af) -^^ ■ ^^^ 

The method of proof was a generalisation of that used by Huber. The asymptotic ([7]) was 
also treated in |EM| as an illustration of their equidistribution result, see Theoremlsj 

Oh and Shah |0S2| generalised Herrmann's result in dimension 3 for M = Hjg and F 
geometrically finite, and showed that, as s — )■ +oo, 

^is)r^c{p,C+)e'' 

with a constant c(p, C+) generalising that of Roblin's result described above. Again, we 
postpone the description of the constant c{p,C+) until Section [sj This result is used in 
|US2j to study F-invariant families {Pi)i^i of possibly intersecting circles in S^, called 
"circle packings" , that consist of a finite number of F-orbits such that the family of totally 
geodesic planes (P*)i^j in the ball model of Hjl with docP* = Pi is locally finite. They 
consider the counting function 

A^(r) = Card{i E / : curvg(i^*) < T}, 

where the spherical curvature curvs P* is the cotangent of the angle, at the origin of the 
ball model, between the common perpendicular between {0} and P*, and any geodesic 
ray from which is tangent to P/ at infinity. Elementary hyperbolic geometry (the angle 
of parallelism formula, see for instance |Bea^ p. 147]) implies that 

cuTVsP* =smhd{0,P*) , 

and thus, the above asymptotic estimate of ^{s) is equivalent to A^(r) ^ c(p, C+)(2T)'^ 
as T — )• +CX). 
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3.5 Counting common perpendiculars between horoballs 

When C- = C+ = J^ is a Margulis cusp neighbourhood (that is, the image by M — t- M of 
a F-orbit of horoballs, centered at fixed points of parabolic elements of F, with pairwise 
disjoint interiors), then results of |BHP1 IHP21 ICosj IRob2j show that if T is geometrically 
finite, then 

^{s) ~ c{Jf) e^' , 

as i — )• +c«, for some c(Jf ) > 0. Cosentino obtained explicit expressions for the constant 
c{J^) in special arithmetic cases: F = PSL2(Z) acts on the upper halfplane model of 
M = M^ and the quotient space PSL2(Z)\]H^ has a unique cusp that corresponds to the 
orbit of oo. The orbit of the subset Jif of H^ consisting of points with imaginary part 
at least 1 maps under the quotient map to the maximal Margulis cusp neighbourhood 
of PSL2(Z)\]HI^. The F-orbit of J^ consists of J^ and of the horoballs based at all 
rational points - with gcd{p,q) = 1 and with Euclidean diameter q~'^. The number of 
such horoballs of diameter q^^ modulo the stabiliser of oo (consisting of translations by 
the integers) is 4>{q), where (j) is Euler's totient function. A classical result of Mertens on 
the average order of (j) (see for example |HW1 Theo. 330]) implies that 



3_ 



^(s) = 4 e^ + 0(se^/2) 



as s — )• +00. Similarly, if ^k is the ring of integers in K = Q(v«) with d a negative 
squarefree integer and Dk is the discriminant of K, then F = PSL(^/^) acts on Hjg by 
homographies as a cofinite volume discrete group of isometrics. A generalisation of the 
above argument gives, when Dk 7^ —3, —4, 



"" =2s , nr.3t/2^ 



^(S) = ^ 6^^ + 0(6^*/"), (9) 

V\dF\Ck{2) 

as s — )■ +00, where Ck is Dedekind's zeta function of K. See the subsections 6.1 and 6.2 
in |Cosj for the proof. 

3.6 Counting common perpendiculars of horoballs and totally geodesic 
submanifolds 

When M = HJ, M has finite volume, C_ is a Margulis cusp neighbourhood of M and 
C+ is a finite volume totally geodesic immersed submanifold of M of dimension k with 
1 < k < n, we proved in |PP5j (see Theorem 1.1 and Lemma 3.1) the following result, 
announced in |PP2j . 

Theorem 2 (Parkkonen-Paulin |PP5j ) As s ^ +00, 

^' Vol(S"-i)Vol(M) 



Vol(S"-^-^) Vol((9C-) Vol(C+) e("-^)^ 
Vol(S"-i)Vol(M) n-1 



D (10) 

Oh and Shah |0S1| studied a counting problem analogous to the one described in 



Subsection 3.4 for F geometrically finite and ^ a family of circles in M^ that consists of 
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a finite number of F-orbits such tliat the family ^* of totally geodesic hyperplanes in the 
upper halfspace model of Hjl whose boundaries are the circles of &* is locally finite. For 
any circle P S ^, let curvs(-P) be the reciprocal of the radius of P, that is, the curvature 
of the circle P . For any T > and any bounded Borel set £■ C M^, let 

iV(r, E) = CardjP G ^ : P n ^ / 0, curvs(P) < T} . 

Oh and Shah showed [USTl Theo. 1.4] that 

N{T)r^c{^,E)T^ (11) 

for a constant c(^, -E) > 0, as T — )• oo. Assume now that oo is a rank 2 parabolic fixed 
point of F and let C_ be the horoball that consists of points whose third coordinate in the 
upper half space model is at least 1 (this can be achieved by conjugating the group F by 
a Mobius transformation if necessary). Now, 

d{C-,C+) = lncurvs(C+) 



for any hyperbolic plane C+ in ^* . Hence, the result (11) on circle packings has an 
interpretation as a counting result for the common perpendiculars between the images of 
C- and the images of the hyperplanes of ^* in M. If ^ is defined as above and £^ is a 
fundamental domain in M^ for the action of the stabiliser of oo, then ^{s) ~ c(^, E)e . 
Furthermore, the endpoints of the common perpendiculars are evenly distributed on dC- 
in the same sense as in Equation ([s]) in terms of a natural measure, which is the skinning 
measure pushed to the boundary, see Section [8} 

3.7 The density of integer points on homogeneous varieties 

Let us denote a generic element of the Euclidean space M"^-'^ by x = (xq, x), where xq G M 
and X = (xi, . . . , Xn) G M", and consider the quadratic form 



q[x) = —2xq + ||x|| = — Xq + ||x|| = — Xq + Xi + • • • + x^ 



of signature (1, n). The identity component G = SOo(l, ra) of the special orthogonal group 
of the form g is a connected semisimple real Lie group with trivial center when n > 2. 

Let M^'" = (M""^^, (•, •)) be the (n + l)-dimensional Minkowski space with the (in- 
definite) inner product (x,y) = -xoyo + SILi ^«y« ^°^ ^^V ^ = {xo,xi, . . . ,Xn),y = 
(yO) yi) • • • ) Vn) G M"^^. The hyperboloid model of the n-dimensional real hyperbolic space 
Hg is the upper half {x G M^'" : g(x) = —1, xq > 0} of the hyperboloid with equation 
q = —1, endowed with the Riemannian metric of constant sectional curvature —1 induced 
by the (positive definite) restriction of the indefinite inner product (•, •) to the tangent 
space of the hyperboloid. The hyperbolic distance of two points x,y £ H^ has a simple 
expression in terms of the indefinite inner product: coshd(x,y) = — (x,y). The restric- 
tion to M^ of the (left) linear action of G on R^'" is the group of orientation-preserving 
isometrics of W^. 

Oh and Shah |0S3l p. 4-5] proved the following counting result for orbits of (nonele- 
mentary discrete) geometrically finite subgroups F of G on varieties defined as level sets 
of the form q, generalising a special case of a result of Duke, Rudnick and Sarnak |DRSj : 
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For any m ^ R, let Vm = {x e R"'^'^ : q{x) = m}. Let w e Vm — {0} be a vector such 
that the hnear orbit Tw is discrete. If 6 > 1, then by |OS3| p. 4-5] 

Card{y G Tw : \\y\\ < T} ~ c{m)T^ , (12) 

with a constant c{m) > similar to those in the previous cases. 

The above counting result is equivalent to three results on counting common perpendic- 
ulars, depending on the sign of m, as we will now explain. For convenience, we will restrict 
to the three essential cases m G {—1,0, 1}. Consider first the case q{w) = —1. Now, the 
orbit of w is contained in HJ. For any y G Hj^, we have (y, y) = —y^ + ||y|p = —1. Thus, 
||y|P = 2yg + 1, and we have coshd{y, (1,0)) = -((1,0), y) = yo ~ -^hW ^^ ll^ll ~^ +°°- 



Therefore, the asymptotic ( 12 ) gives an asymptotic count of orbit points as in the results 



of Margulis and Roblin, see Section 3.3 



If qiw) = 0, then w lies in the light cone of q and it defines a horosphere 

H^ = {y€ml:{y,w) = -1}. 

Using a rotation with fixed point at (0, 1), we can assume that w = {wqjWo, 0) G M x R x 
W-^, with -wo /O. Now 

H^ = {yeB.l:yi=yo } = {y G M^'" : yo = ::{wo + — ), yi = -{wq )} . 

wq 2 wq 2 Wo 

By the symmetry of the situation, it is clear that 

di{l,0),H^) =d{il,0),{l{wo + —),l{wo- —),0)) = aTcosh{l{wo + —)) 

2 Wq 2 Wq 2 Wq 

= lnwo = In \\w\\ — ln2 , 

so the asymptotic for the norms of points in the orbit of a point in the light cone is 
equivalent to an asymptotic of the distance of an orbit of horoballs from a point. The 
same counting problem is also considered by Kontorovich and Oh in |KOh| , and earlier in 
|Konj in the two-dimensional case. 

In the third case, when q{w) = 1, the vector w defines a totally geodesic hyperplane 
w-^ = {y ^ W^ : (y, w) = 0} in W^. As in the two cases above, one can check that this 
asymptotic is equivalent to the asymptotic count of geodesic arcs starting at a fixed point 
and ending perpendicularly at an orbit of totally geodesic hyperplanes. 

4 Using Eskin-McMullen's equidistribution theorem 

In order to prove the kind of asymptotic results described in Section [3| following Margulis 
|MarHlMar2j . one usually proves first an appropriate equidistribution result using mixing, 
and this result is then used to study the common perpendiculars. 

Eskin and McMullen |EMj proved a very general equidistribution theorem for Lie 
groups orbits using mixing properties and a technical "wave front lemma" in affine sym- 
metric spaces. 

Theorem 3 (Eskin-McMulIen |EM| ) Let G be a connected semisimple real Lie group 
with finite center. Let a : G ^ G be an involutive Lie group automorphism, and H its fixed 
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subgroup. Let V he a lattice in G and let m he the unique G-invariant probability measure 
on T\G. Assume that the projection ofT to G/G' is dense for all noncompact connected 
normal Lie subgroups G' of G, and that T D H is a lattice in H . Let Y = (T D L[)\L[ and 
let fig he the image by the right multiplication by g of the unique H -invariant probability 
measure on Y . Then, for every f : T\G — )■ M which is continuous with compact support, 



f{h) dfig{h) -^ / f{x) dm{x), 
Yg Jr\G 

as g goes to infinity in H\G. D 

This result is used in |EMj to prove a result of Duke, Rudnick and Sarnak |DRSj on 



counting integral points on homogeneous varieties, see Subsection 3.7 



In |PP5j . we proved the following equidistribution result using mixing and hyperbolic 



geometry, as a tool to prove the asymptotic estimate (10). A modification of the proof 
in |PP5j enabled us to prove the general equidistribution result in variable curvature in 
|PP6j . whose tools are also used for the counting result of [PP7j that we describe in Section 
[8] Here, at the instigation of Hee Oh, we present a different proof using Theorem [3| which 
also serves as an illustration of the use of Theorem [Sl 

Theorem 4 (Parkkonen-Paulin |PP5| ) Let M he a complete connected hyperbolic ma- 
nifold with finite volume. Let G be a nonempty proper totally geodesic immersed submani- 
fold of M with finite volume. The induced Riemannian measure on g^d\C equidistributes 
to the Liouville measure as t ^ +oo.' 

Volgtai_c /ll Volgt5i_c II ^ V0I7.1M /ll Vol^iA/ II . 

More general versions of the above result appear in |OS31 Theo. 1.8] and |PP6| Theo. 17]. 



We use below the notation introduced in Section |3.7[ Before giving the proof of 
this result, let us review some preliminaries on the action on T^EIJ of the orientation- 
preserving isometry group G = SOo(l,n) of the hyperboloid model of Hj^, where n > 2. 
Let (eo, ei, . . . , e„) be the canonical basis of M^'", and let wq = (1, 0, . . . , 0) G HJ. For any 
1 < fc < n, we embed H^ isometrically in EI J as the intersection of H^ with the linear 
subspace given by the equations x^+i = a^fc+2 = • • • = a^n = 0. For any p G N, let Lp be 
the pxp identity matrix. Let Hk be the subgroup of G that consists of the fixed points of 

the involution a^: G ^ G defined by (Jk{g) = JkOJ^ > where Jk = \ r^ j ) • Note 

that Hk is isomorphic to (0(1, k) x 0(n — k)) n G, hence contains SOo(l, k) x SO(n — k) 
with index 2. Let us identify SO(?t, — 1) with its image in SO(n), and similarly SO(n) with 

'I 0^ 
,0 X, 
on G and Hj.- 

The group G acts transitively on r^Hj^ and the action commutes with the geodesic 
flow, the stabiliser of ei G ^^Hg being SO(n — 1). Note that H^ is the subgroup of G 
which preserves H^. It acts transitively on the unit normal bundle 9^EI^. 

The orbital map g 1— )• gei from G to r^HJ induces a diffeomorphism ^ : G/ SO(n— 1) — )• 
T^H^ which is equivariant for the left actions of G. The commutativity of the diagram 

G/S0(n-1) -^ G/SO(n) 

|~ ^ |~ 

T^l -> H« 
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its image in G, by the maps a; 1— t- ( ^ ^ ) . Let Xq and \h^ be fixed left Haar measures 



and the fact that the Riemannian measure of S"~^ ~ SO(n)/ SO(n — 1) is the unique (up 
to niultiphcation by a positive constant) positive Borel measure which is invariant under 
rotations imply that the image of Xq by the smooth map g i— )• ip{g SO(n — 1)) is a multiple 
of VoVeg. 

Consider the one-parameter subgroup {at)teR of G, where 

(cosh t sinh t 
sinh t cosh t 
In-l, 

The action g i— )• gat of at by right translations on G commutes with that of SO(n — 1). A 
calculation in hyperbolic geometry shows that atci is the image of the unit tangent vector 
ei G T^gH^ under the geodesic flow g^ in T^M.^. Thus, by equivariance, ^{gat S0(?7,— 1)) = 
g*'(p{gSO{n — 1)) for all 5 G G and all t S M. Let us fix a group element r G SO(n) 
which maps ei to e^- As the measures under consideration are induced by differential 
forms, homogeneity arguments imply that the image measure of Xh^^ by the smooth map 
h I—)- Tp{hrat SO(n — 1)) is a multiple of Vol t^i ^k . 

Proof of Theorem |4[ By additivity, we can assume that C is connected. Let M — t- M 
be the Riemannian orientation cover of M (which is the identity map if M is orientable) , 
and let C — )• C be the one of C, so that C is a connected immersed totally geodesic 
submanifold of M. As the image measures by the finite cover T^M — t- T^M of Vol t^i^ 
and \o\rpijj are VoLtgi (j and Volyi^^f, respectively, it suffices to show that the Riemannian 

measure of g^d\C equidistributes to the Liouville measure of T^M as t — t- +00. We may, 
therefore, assume that M and C are oriented. 

Let us fix a universal Riemannian cover H^ — )■ M. Its covering group F is a lattice in 
G, since M has finite volume. We may assume that the image of H^ under this covering 
map is C. We define H = H^ as above. Since C has finite volume, Fri-ff is a lattice in H. 
Since r fixes cq and sends ei to e„ which is perpendicular to H^, the map t 1— )■ 7r(ratei) 
from [0,+cx)[ to H^ is a geodesic ray starting perpendicularly to H^. Since H is the 
stabiliser of H^, the map 1 1— )• HratCi from [0, -|-oo[ to //\E[^ tends to infinity. Hence the 
map 1 1—)- Hrat from [0, +00 [ to H\G tends to infinity. 

Since the connected semi-simple real Lie group G has trivial center, and only one 
noncompact factor, the projection of T to G/G' is dense for all noncompact connected 
normal Lie subgroups G' of G. (In fact, G has no compact factor, and any lattice in G is 
irreducible, see for instance |Mosj ) . 

We can now use Theorem [s] to conclude that as t tends to +00, the measure /it on r\G 
with support THrat which is defined to be the translate by rat of the unique i7-invariant 
probability measure on (F n H)\H, equidistributes towards the probability measure m 
on r\G induced by Xq- Let p : T\G — )• r\G/SO(n — 1) be the canonical projection. 
The G-equivariant diffeomorphism Tp : G/SO{n — 1) — )■ T-'^HJ induces a diffeomorphism 
(f : r\G/SO(n - 1) ^ T^M such that <f{TgatSO{n - 1)) = g^ip{rgSO{n - 1)) for aU 
g £ G and i G M. By the homogeneity argument just before the beginning of the proof 
and covering arguments, and since direct images of measures preserve the total masses, 
we have ip*{p^fit) = y^^glgi c) ^°\^dlc and if^ip^m) = y^^yi^^^) Vol^i^- As taking direct 
images of measures by a given continuous map is continuous in the weak-* topology, the 
measures voi(gtai c) ^°^g'a|c = {ipop)^^t equidistribute to {ipop)^m = voi(TiAf) ^olyiM 
in T^M as i tends to +00, which is what we wanted to prove. D 
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5 Arithmetic applications 

If the manifold M is arithmetically defined, many counting results for common perpen- 
diculars have an arithmetic interpretation. In this section, we will review some of these 
arithmetic applications. The arithmetically defined groups in this section will, in general, 
have torsion. This is not a problem however, as the geometric counting result used in 
the various cases below is indeed valid in this more general context. In certain cases, 
the interaction has also worked in the opposite direction, as evidenced by the results of 
Cosentino in Section 13.51 



5.1 Counting representations of integers by binary quadratic forms 

Let Q{X, Y) = aX'^ + bXY + cY'^ be an integral binary quadratic form with discriminant 
A = 5^ — 4ac. An element x G Z^ is a representation of an integer n by Q if Q{x) = n, and 
the representation is primitive if the components of x are relatively prime. If Q is positive 
definite (equivalently, if A < 0), then the number N{t) of representations of integers that 
are at most t equals the number of lattice points of 7? inside the ellipse defined by the 
equation Q{x) = t. The asymptotics of this number (Gauss' circle problem) have been 
studied extensively, and the best known result with an error bound 

iV(t) = ^t + 0(pl/416) 

is due to Huxley |Hux] . Gauss already had a solution with a worse bound on the error 
term. 

The modular group SL2(Z) acts on the right by precomposition on the set of binary 
quadratic forms, preserving the discriminant, and linearly on the left on Z^. Let us assume 
that Q is primitive (that is, the coefficients a, b and c are relatively prime), indefinite and 
not the product of two integral linear forms. The stabiliser of a form / in SL2(Z), called 
the group of automorphs of /, is 

SO(Q, Z) ={7 G SL2(Z) : Q o 7 = g} 

't — bu 

2 , I : t,n eZ, i^- An^ 



'\'lQ,t,u 



au 




see for instance |Lanl Theo. 202] . This group is infinite and thus any nonzero integer that 
is represented by the form Q is represented infinitely many times. Accordingly, in the 
generalisation of the circle problem for these forms, one counts the number of orbits of 
lattice points under the linear action of SO(Q,Z) between the hyperbolas defined by the 
equations |(5(2;)| = i- Let 

§Q(t) = Card(S0(Q,Z)\{xGZ2 : \Q{x)\<t]) 

and 

^Q(t) = Card(SO(Q,Z)\{xG ^ : \Q{x)\<t]) 

be the counting functions of all the representations and of the primitive representations 
by Q. The asymptotics of ^Q(t) are also known, see for example [Cohj p. 164] for a proof. 
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It turns out that the asymptotic result on the counting function J\^{s) for a horoball and 
a totahy geodesic subspace can be used to give a different proof of this result. 

Let us first observe that an asymptotic result for the primitive representations implies 
one for all representations. Assume that '^Q{t) = ct + 0{t^^'^) for some c, e > 0. For any 

k£N, let 

^Q,k{t) = Card(S0(Q,Z)\{2; = {xi,X2) G Z : gcd(xi,a;2) = k, \Q{x)\ < t}) . 
Now, -^Q^kit) = -^Qik-h) and 

oo oo oo 

§Q(t) = Y, "^QAt) = E "^Qik-'t) = Y, ck-h + 0{k-H^-^) = cC{2)t + 0{t'-^). 
fc=i fc=i fe=i 

We will now explain how to obtain an asymptotic estimate for ^Q{t) from the solution 



of the geometric counting problem of Section 3.6 We use the upper halfplane model of 



ir2 



The subgroup FSO{Q, Z) of PSL2(Z) is a cyclic group generated by a hyperbolic element. 
Its index {q in the stabiliser Tq of the geodesic line Cq invariant under PS0((5, Z) is either 
1 or 2 depending on whether the corresponding locally geodesic line on the modular surface 
PSL2(Z)\]H[^ passes through the cone point of order 2. Let (igjUg) be the fundamental 

solution of the Pell-Fermat equation i^ — Au'^ = 4, and let Rq = In — — ^^ ]^q h^q 

regulator of Q. It is easy to check that the length of the closed geodesic Tq\Cq is -r^- 

The stabiliser U of (1,0) G 7? for the linear action of SL2(Z) is the subgroup that 
consists of integral upper triangular unipotent matrices. Geometrically, the image Too of 
U in PSL2(Z) is the stabiUser of the horoball JT = {z e C : Im z > 1} in M|. The 
horoball J^ is precisely invariant, that is, each element of PSL2(Z) either preserves J^ 
or maps ^ to a horoball whose interior is disjoint from ^. As Jff is the maximal such 
horoball at oo, it corresponds to the maximal Margulis cusp neighbourhood of the unique 
cusp of the quotient space PSL2(Z)\El|. 

The length of the common perpendicular of J^ and the hyperbolic line Cq stabilised 

by SO(Q,Z) is ln4=. For all 7 = ±1 n ) ^^ PSL2(Z), a simple computation (see 

|PP5| Lem. 5.2]) shows that the length of the common perpendicular of Jif and the image 
under 7 of Cq is 

In ^\Q{D,-C)\. 



Thus, Corollaire 4.9 of |PP5| . which generalises the result of Equation (10) to the case of 
groups with torsion, gives 



^Q{s)=iQC^Td{[j]er^\T/TQ : d(^^,7CQ)<ln(^s)} 



2 

• Voi(s°)VoKroo\^oo)Voi(rQ\CQ) / 2 \^i2Rq 
^'"^ Voi(si)Voi(r\M|) Ivav ^2^^' 

see |PP5l §5] for more details and more applications, in particular to counting representa- 
tions satisfying congruence relations. 
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5.2 Counting representations of integers by binary Hermitian forms 

A function / : C^ — t- M is a binary Hermitian form if there are constants a, c G M and 
b £ C, called the coefficients of /, such that for all u,v £ C, 

f{u, v) = a|u|2 + 2 Re{buv) + c|r;|2 = (n v) (l ^] f''] . (13) 



^b cj \v^ 

Let K be an imaginary quadratic number field, with discriminant Dk and ring of integers 
0'k- If the coefficients of the Hermitian form / satisfy a, c E M n ^k = ^ and b S i^K, 
then we say that / is integral. It is easy to check that the values of the restriction of 
an integral binary Hermitian form to i^x x ^K are rational integers. If the discriminant 
^if) = I^P — ac of / is positive, then we say that / is indefinite, which is equivalent to 
saying that / takes both positive and negative values. 

A binary Hermitian form naturally gives rise to a quaternary quadratic form. The rep- 
resentations of integers by positive definite quaternary quadratic forms have been studied 
for a long time (including Lagrange's four square theorem, see also the work of Ramanujan 
as in |Klo| ) . 

In the case of indefinite forms, the counting problem is again complicated by the 
presence of an infinite group of automorphs: The group SL2(^x) acts on the right by 
precomposition on the set of (indefinite) integral binary Hermitian forms, and the stabiliser 
of such a form under this action is, analogously to the case of binary quadratic forms 



treated in Section 5.1, called the group of automorphs of the form and denoted by SU/(^x)- 
The Bianchi group PSL2(^x) acts discretely on the upper halfspace model of Hjg, with 
finite covolume. Now, the image in PSL2(^i<') of the group of automorphs of a fixed 
indefinite integral binary Hermitian form / is a Fuchsian subgroup that preserves a real 
hyperbolic plane ^(/) whose boundary at infinity is the circle 

^oo(/) = {[u : v] £ P1(C) = 5ooH| : f{u,v) = 0} . 

The group of automorphs SU/(^i^) is an arithmetic group that acts on ^(/) with finite 
covolume. 

The cusps of a Bianchi group PSL2{^k) are in a natural bijective correspondence 
with the ideal classes of K, see for example Theorem 2.4 in Chapter 7 of [ EGM| . Let 
x,y £ ^K be not both zero, so that [x : y\ £ P^(C) is a cusp of PSL2(i^i<:). Then, if 
y = 0, the horoball J^ that consists of those points in the upper halfspace model H^ 
whose third coordinate is at least 1 is precisely invariant, and if y 7^ 0, then there is some 
T > such that the horoball ^ centered at ^ of Euclidean height r is precisely invariant. 



Analogously with the case of indefinite binary quadratic forms, for any g £ SL2(i^x)) the 
distance between M' and '^oo(/ ° 9) = g~^'^oo{f) is In -iJ^I!M!Mji= ^ and, as in the case of 
binary quadratic forms, we find a connection between representing integers by / and the 



counting problem of Section 3.6 



We define counting functions of the representation of integers for each nonzero frac- 
tional ideal m of K. For every u,v £ K, let {u, v) be the ^/^f-module they generate. For 
every s > 0, we consider the integer 

V'/,m(s) = Card su^{<5'k)\{('"' ^) ^ "^ ^ "^ ■ (^"^)"V('">^')I < s, {u,v)=m]. 



Generalising the argument used for binary quadratic forms (see Section 5.1 ), we can again 



use the generalisation of Equation (10) to obtain an asymptotic expression for '(/'/,m('S) 
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Theorem 5 (Parkkonen-Paulin |PP3j ) As s tends to +cxd, we have the equivalence 

7T Covol(SU/(^x)) 2 n 

Here Covo1(SU/(^a')) is the area of the quotient of the hyperbohc plane "^(Z) in W^ 
by the group of automorphs of /, (^k is Dedekind's zeta function of K. In the proof, after 



applying Equation (10), we use the fact that there is an explicit formula (essentially due 



to Humbert) for the volume 

Vol(PSL2(^i^)\M|) = ^|D^|3/2c^(2) . 

See |Sarj for a proof of this formula using Eisenstein series, and Sections 8.8 and 9.6 of 
|EGMj for further proofs. The following corollary follows immediately by taking m = ffx'- 
If ^K is the set of relatively prime pairs of integers of K, then 

P H \S( \ac9 \n ^|^ \ vr Covol(SU;(^;,)) ^ 

Card ^M^{ej,)\{[u,v)^ »K : \f{u,v)\<s} ~ 2 ID I C (2) A(f) ^ ' 

as s tends to +oo. 

In general, one could compute the covolume of the group of automorphs SUj(^i<-) 
with the aid of Prasad's formula in [PraJ. Maclachlan and Reid |MRj computed the 
covolumes of all stabilisers in PSL(Q(i)) of discs centered at with radius \/D with D a 
rational integer. This result can be used to obtain an even more explicit expression of the 
asymptotic formula of Theorem^ when K = Q(i): A constant i{f) G {1, 2, 3, 6} is defined 
as follows. If A(/) = mod 4, let /-(/) = 2. If the coefficients a and c of the form / 



as in Equation (13) are both even, let i(/) = 3 if A(/) = 1 mod 4, and let i(/) be the 
remainder modulo 8 of A(/) if A(/) = 2 mod 4. In all other cases, let i(/) = 1. The 
class number of Q(i) is 1, and there is just one counting function to be considered. We 
prove in |PP31 Coro. 3] that, as s tends to +c«, we have 



s^ 



Here p ranges over the odd positive rational primes and (-^) is the Legendre symbol of —1 
modulo p. We refer to [PP3] for more details and more applications, including counting 
representations satisfying congruence conditions. 

5.3 Counting quadratic irrational in orbits of modular groups 

The group PSL2(Z) acts transitively on the rational real numbers, but not transitively 
on the irrational algebraic real numbers of a given degree. Hence, counting results (for 
appropriate complexities) of algebraic irrationals within an orbit of PSL2(Z) is an interest- 
ing problem, and we give some solutions in [PP5J in the quadratic case. Similar problems 
occur for quadratic irrational complex numbers under the action of (congruence subgroups 
of) Bianchi groups, and we illustrate them by the following result. 

Let (/> = 2 be the Golden Ratio, and (j)"^ = ^ its Galois conjugate. Let K be an 
imaginary quadratic number field, with discriminant Dk 7^ —4 (to simplify the statement 
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in this survey), Dedekind's zeta function (^k and ring of integers ^k- We define as the 
complexity of a quadratic irrational a with Galois conjugate a°" the quantity 

h{a) 



\a — a" 



(See [PP5i §4.1] for algebraic versions and explanations). Let o be a nonzero ideal in i^x, 
and let ro(o) be the congruence subgroup \ ^ [ j ) ^ PSL2{^k) '■ c E o>. Assume 
(to simplify the statement in this survey) that (p'^ is not in the ro(a)-orbit of (p. 

Corollary 6 (Parkkonen-Paulin |PP5L Coro. 4.7]) As s tends to +oo, the cardinal- 
ity of {a G ro(a) • {(p^cj)'^} mod 0'k ■ h{a) < s} is equivalent to 

47r^ ka ln0 n 

s , 



\DK\CK{2)Nia)U,ia{^+NW)) 

where ka is the smallest k £ N — {0} such that the 2k-th term of Fibonacci's sequence 
belongs to a, and p ranges over the prime ideals in Gk- D 

5.4 Counting representations of integers by binary Hamiltonian forms 

A quaternion algebra over a field F is a four-dimensional central simple algebra over F. A 
real quaternion algebra (that is, a quaternion algebra over M) is isomorphic either to the 
algebra of real 2x2 matrices over M or to Hamilton's quaternion algebra IHI over M, with 
basis elements l,i,j,k as a M- vector space, with unit element 1 and i^ = J^ = —1, ij = 
—ji = k. We define the conjugateofx = XQ+xii+X2J +X3k inH by 5; = XQ—xii—X2J—x^k^ 
its reduced trace by tr(x) = x + x, and its reduced norm by n(x) = xx = xx. We refer for 
instance to [Vig| for generalities on quaternion algebras. 
A binary Hamiltonian form / is a map EI x EI — )• M with 

f{u,v) = an{u) + tr{ubv) + cn{v) , 



whose coefficients a and c are real, and b lies in EI. The matrix M{f) of / is the Hermitian 
matrix ( j- ) , so that f{u,v) = {u v) ( -r 1 ( 1. The discriminant of / is 

A(/) = n(6) - ac . 

In this section, we will describe the results in |PP4] on the representation of integers by 
indefinite binary Hamiltonian forms. The proof follows the same ideas as in the previous 
two sections but the noncommutativity of the quaternions adds several new features. 

In order to generalise the results of the previous two subsections to the context of 
Hamiltonian forms, we have to introduce the correct analogs of the ring of integers and 
of Bianchi groups for quaternion algebras. We say that a quaternion algebra A over Q 
is definite (or ramified over M) if the real quaternion algebra A (^q M is isomorphic to 
EI. We fix an identification between A (8)q R and EI, so that A is a Q-subalgebra of EI. 
The reduced discriminant Da of A is the product of the primes p € N such that the 
quaternion algebra A 0q Qp over Qp is a division algebra. For example, the Q-vector 
space EIq = Q + Qi + Qj + Qk generated by 1, i, j. A: in EI is Hamilton's quaternion algebra 
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over Q. It is the unique definite quaternion algebra over Q (up to isomorphism) with 
discriminant Da = 2. 

A Z-lattice / in A is a finitely generated Z-module generating A as a Q-vector space. 
An order in a quaternion algebra A over Q is a unitary subring ff oi A which is a Z-lattice, 
and the order is maximal if it is maximal with respect to inclusion among all orders of A. 
The Hurwitz order ^ = Z + Zi + Zj + Z — ^-i^ — in Hq is maximal, and it is the unique 
maximal order in Hq up to conjugacy. 

The Dieudonne determinant (see [Die! lAsl] ) Det is the group morphism from the group 
GL2 (H) of invertible 2x2 matrices with coefficients in H to M^ , defined by 

Det(('" ^)y=n{ad)+n{bc)-tr{acdb) = { n(cb-cac-^d) if c / (14) 

We will denote by SL2 (H) the group of 2 x 2 matrices with coefficients in H with Dieudonne 
determinant 1, which equals the group of elements of (reduced) norm 1 in the central simple 
algebra ^2(1!) over M, see [Reil §9a]. We refer for instance to jKelj for more information 
on SL2(H). 

The group SL2(]HI) acts linearly on the left on the right M-module H x M. Let Pii(]HI) = 
(H X H — {0})/]HI^ be the right projective line of H, identified as usual with the Alexandrov 
compactification H U {00} where [1 : 0] = 00 and [x : y] = xy~^ if y 7^ 0. The projective 
action of SL2(]HI) on Pj(]HI), induced by its linear action on H x H, is then the action by 
homographies on HI U {00} defined by 



n{ad - 


- aca ^b) 


if a/0 


n{cb - 


- cac~^d) 


if c/0 


n{cb - 


- db-^ab) 


if 6/0 



a b 
c d 



{az + b){cz + d)~^ if z y^ 00,— c^^d 
ac~^ if z = (X), c / 

00 otherwise . 



The linear action on the left on IHI x IHI of the group SL2 (H) induces an action on the right 
on the set of binary Hermitian forms / by precomposition. 

The above action of SL2(IHI) on EI U {00} induces a faithful left action of PSL2(IHI) = 
SL2(BI)/{ibid} on Hujoo} = 9ooIHI^. By Poincare's extension procedure (see for instance 
|PPH Lem. 6.6]), this action extends to a left action of SL2(IHI) on the upper halfspace 
model of H^, by 

« b \,^^ ^-.^f {az + b){cz + d)+acr^ r \ 

c d) ^' ' V n(cz + d) + r2n(c) ' n(c2; + d) + r^ n(c) / 

In this way, the group PSL2(IHI) is identified with the group of orientation preserving 
isometrics of H^. 

Given an order ^ in a definite quaternion algebra over Q, a binary Hamiltonian form 
/ is integral over 0" if its coefficients belong to ff. Note that such a form / takes integral 
values on ^ X €?. The Hamilton-Bianchi group Tg = SL2(^) = SL2(]HI) n^2(^) preserves 
the set of indefinite binary Hamiltonian forms / that are integral over 0". The stabiliser 
in Vff of such a form / is its group of automorphs SU/(£?). 

The Hamilton-Bianchi group T^ is a (nonuniform) arithmetic lattice in the connected 
real Lie group SL2(IHI) (see for instance [PPl^ p. 1104] for details). The volume of the 
quotient real hyperbolic orbifold r^\IHI^ has a nice expression in terms of the discriminant 
Dai generalising Humbert's formula. 
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Theorem 7 (Emery, Parkkonen-Paulin |PP4| ) 

Covol(SL2(^)) = ^X^ • ° 

This result is proved in |PP4j using two different methods: In the Appendix of that 
paper, Emery (who was the first to prove the theorem in full generality) uses Prasad's 
formula and we give a different proof using the theory of Eisenstein series for quaternions 
developped in |KOsj . following Sarnak's proof in [Sarj for Bianchi groups. 

With o, b, c the coefficients of /, let 

'^oo{f) = {[u:v]GFl{m) : f{u,v)=0} and 
^{f) = {{z,r) e]Hx]0,+oo[: f{z,l)+ar^ = 0} . 

In pi(H) = M U {(X)}, the set 'tfooif) is the 3-sphere of center -^ and radius ^^^^ if 
a 7^ 0, and it is the union of {oo} with the real hyperplane {z G HI : tr(z6) + c = 0} of EI 
otherwise. The arithmetic group SUj(^) acts with finite covolume on ^{f). 

The action by homographies of F^ preserves the right projective space P^(i^) = Au 
{oo}, which is the set of fixed points of the parabolic elements of T^ acting on H^USooEI^. 
In order to describe the orbits of parabolic fixed points, we recall some basic definitions 



and facts on ideals in a quaternion algebra, see |Vig| . The left order &(,{!) of a Z-lattice / 
is {x G yl : a;/ C /}. A left fractional ideal of (^ is a Z-lattice of A whose left order is i^. 
A left ideal of ^ is a left fractional ideal of contained in ff. Two nonzero left fractional 
ideals m and m' of ff are isomorphic as left i^-modules if and only if m' = mc for some 
c G A^ . A (left) ideal class of ff is an equivalence class of nonzero left fractional ideals of 
0" for this equivalence relation. We will denote by ^J^ the set of ideal classes of ff. The 
class number Ha of A is the number of ideal classes of a maximal order ^ of A. It is finite 



and independent of the maximal order ^ (see for instance |Vig p. 87- 



For every (u, v) in ^ x ^ — {(0, 0)}, consider the two left ideals of & 



Iu,v = ffu + ffv , Ku,v 
The map 



otherwise. 



F^\pi(^) ^ (^^ X ff^) , 

which associates, to the orbit of [u : v] in Pj(^) under F^, the couple of ideal classes 
([/^j^t,], [-fiTu,?;]) is a bijection by jKOsj Satz 2.1, 2.2]. In particular, the number of cusps of 
Tff (or the number of ends of F^\EI^) is the square of the class number Iia of A. 

The norm n(m) of a nonzero left deal m of ^ is the greatest common divisor of the 
norms of the nonzero elements of tn. In particular, n(^) = 1. The norm of a nonzero left 
fractional ideal m of (^ is ^^^t^ for any c G N — {0} such that cm C ff. 

Let ^ be a maximal order in A, and let m be a nonzero left fractional ideal of i^, with 
norm n(m). For every s > 0, we consider the integer 

ipf,m{s) = Card sVf{ff)\{{u,v) £ m x m : n{my^\f{u,v)\ < s, 0'u + ffv = m], 

which is the number of nonequivalent m-primitive representations by / of rational integers 
with absolute value at most s. Analogously to the cases of binary quadratic and Hermitian 
forms, we have an explicit asymptotic result for this counting function. 
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Theorem 8 (Parkkonen-Paulin [PP4]) As s tends to +00, we have the equivalence, 
with p ranging over positive rational primes, 

540 Ha Covo1(SU/(^)) 4 

The proof of the above result again uses Corollaire 4.9 of |PP5j . One considers the 
Ha different orbits of the parabolic fixed points xy~^ of F^ for which ffx + 0'y = m, and 
connects the counting functions 

i)f,x,yis) = Card sVf{ff)\{{u,v) e T£f{x,y) : n{ffx + iffy)~'^\f{u,v)\ < s} 

with the geometric counting function that counts the common perpendiculars between a 
Margulis cusp neighbourhood of the cusp corresponding to xy~^ and the totally geodesic 
immersed hypersurface corresponding to '^(/). The counting function ipf,x,y depends 
(besides /) only on the F^-orbit of [x : y] in Pj(i^), and summing over all such orbits gives 
the result. We refer to |PP4| for more details and more general results that cover finite 
index subgroups of F^. 

6 Patterson, Bowen-Margulis and skinning measures 

Let M be a complete nonelementary connected Riemannian manifold of dimension at 
least 2, with pinched negative curvature —b'^ < K < —1. Let M — )• M be a universal 
Riemannian cover, and let F be its covering group. Let xq G M and let (5 = (5r £ ]0, +00 [ 
be the critical exponent of F. 

6.1 Patterson densities and Bowen-Margulis measures 

Let r > 0. A family (fix) pjvf °^ nonzero finite measures on dooM whose support is the 
limit set AF is a Patterson density of dimension r for F if it is F-equi variant, that is, if it 
satisfies 

7*Mx = IJ"yx (16) 

for all 7 G F and x G M, and if the pairwise Radon-Nikodym derivatives of the measures 
fix for X € M exist and satisfy 

diJ-x 



:(^)=e-^^«(^'S') (17) 

dfiy 



for ah x,y £ M and ^ G dooM. 
If Poincare's series 



fg\ — "^ g-sd{xo,^xo) 



7Gr 

diverges at s = 6, then F is said to be of divergence type. In particular, this holds when 
M is a symmetric space and F is geometrically finite by |Sul2[ ICI| , see |DOP| for many 
more general results. For groups of divergence type, there exists (see for instance [Rob21 
Coro. 1.8]), up to multiplication by a constant, one and only one Patterson density (^x)^g]^ 

of dimension 5 for F: For every x € M, the measure fix is the weak-* limit of 



S^ p-sd{x,'yxo)\ 
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as s — >■ (5, see |Patl IKaij , where Aj, is the unit mass Dirac measure at any point y € M. 
Let {nx) ^^ be a Patterson density of dimension 6 for F. The Bowen-Margulis measure 

^BM for r on T^M is defined, using Hopf's parametrisation, by 

see |SulH ISul2t IKaij . The Bowen-Marguhs measure is independent of the basepoint xq, 
and its support is (in Hopf's parametrisation) (AT x AT — A) x M, where A is the diagonal 
in Ar X Ar. It is invariant under the geodesic flow, the antipodal map and the action of 
r, and thus it defines a measure tubm on T^M which is invariant under the geodesic flow 
of M and the antipodal map. 

When the Bowen-Margulis measure m-BM is finite, the group T is of divergence type 
(see for instance |Rob21 p. 19]), hence denoting the total mass of a measure m by ||?tt-||, 
the probability measure n^^'^n is then uniquely defined, and is the unique probability 
measure of maximal entropy of the geodesic fiow (see |0P] ). When finite, the Bowen- 
Margulis measure ttibm on T^M is mixing for the geodesic flow, under the mild assumption 
conjecturally always satisfied, that the geodesic fiow is topologically mixing (or that the 
set of the lengths of the closed geodesic in M is not contained in a discrete subgroup of 
M), see [Bablj . This condition holds for instance if M is locally symmetric or if T contains 
a parabolic element, see for instance [Dalj . In this review, we assume that ttibm is finite. 

6.2 Skinning measures 

Let C be a nonempty closed convex subset of M. We define in |PP6j the skinning measure 
a^ of r on d^C, using the homeomorphism w i— )• w+ from d^C to dooM — dooC, by 

= e-'5/5»+(^c(«'+)'^o) dnxo{w+) . (18) 

We also consider a^ as a measure on T^M with support contained in d}^C. The skinning 
measure ag is independent of the basepoint xq, satisfies ct g = 7*5^ for every isometry 7 

of M and its support is {w G dlC : w+ G AT} = uPq{AT -Am SooC). For any x eM, 
up to identifying the unit tangent sphere T^M at x with the boundary at infinity dooM 
by the map f 1— )• v^, we have a^^} = l^x- 

The skinning measure has been defined by Oh and Shah [0S3^ §1-2] for the outer unit 
normal bundles of spheres, horospheres and totally geodesic subspaces in real hyperbolic 
spaces, see also |HP3| Lem. 4.3] for a closely related measure. The terminology comes 
from McMullen's proof of the contraction of the skinning map (capturing boundary infor- 
mation for surface subgroups of 3-manifold groups) introduced by Thurston to prove his 
hyperbolisation theorem. 

When C is a horoball, the skinning measure of C is well known. In fact, the outer unit 
normal bundle 5^ C of C is a leaf of the strong unstable foliation of the geodesic fiow and 
the skinning measure ag is the conditional measure of the Bowen-Margulis measure on this 
leaf, see for example JMar2j . The skinning measure of a horoball has also appeared as a 
measure on dooM with the point at infinity ^ of the horoball removed in [Cosj ITukl lAM] in 
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the constant curvature case and in |HP2] under the name Patterson measure on dooM — {^} 
in the general case. Furthermore, using the upper halfspace model of Hg, Oh and Shah 
consider in |0S1| a measure wr defined in M""^ = SqoIHIk ~ i'^} by 

Noticing that (^, 1) = Pq{S,) if C is the horoball in H^ that consists of the points whose 
third coordinate is at least 1, it follows that u^ is the image of the skinning measure of C 

under the map P~ : (^, 1) i— )• £,. 
o __ 

For later use in Section [sj we introduce some convenient notation. Let w G T^M. 
When C = HB^{w) is the unstable horoball of w, the conditional measure of the Bowen- 
Margulis measure on the strong unstable leaf W^^{w) of w is denoted by 

,,su ~ 



,ss 



and similarly, we denote by 

/^S = '^*0'HB+{w) 

the conditional measure of the Bowen-Margulis measure on the strong stable leaf W^^{w) 
of w. These two measures are independent of the element tD of a given strong unstable 
leaf and given strong stable leaf, respectively. We also define the conditional measure of 
the Bowen-Margulis measure on the stable leaf W^{w) of w, using the homeomorphism 
{v',t) ^ V = g*v' from W^^{w) x M to W^{w), by 

dfiliv) = e-'^rt dfi''^(^v')dt . (19) 

Let C be a proper nonempty closed convex subset of M such that the F-orbit of C is 
locally finite, and let C be its image in M. Since a^ is invariant under the stabiliser Fg 
of C in F, the measure a = X^^gr/r- 7*^c ^^ ^ F-invariant locally finite Borel positive 
measure on T^M (independent on the choice of representatives of elements of F/Fg), 
whose support is contained in the F-orbit of d]^C. Hence a induces a locally finite Borel 
positive measure ac on T^M = F\T^M, called the skinning measure of the properly 
immersed closed convex subset C, whose support is contained in d}^C. 

Oh and Shah proved in particular that \\o'c\\ is finite if M is geometrically finite with 
constant curvature —1 and either C is a horoball centered at a parabolic fixed point or 
(5r > 1 and wtC is a codimension 1 totally geodesic submanifold. See |OS3| §5] for a 
precise, more general statement in higher codimension. Extending this result in variable 
curvature (with a different proof), we give a sharp criterion in |PP6| Theo. 9] for the 
finiteness of the skinning measure, by studying its decay in the cusps of M. This decay 
is analogous to the decay of the Bowen-Margulis measure in the cusps, which was first 
studied by Sullivan [Sul2j who called it the fiuctuating density property (see also |SV] and 
[HP 21 Theo. 4.1]). The criterion, as in the case of the Bowen-Margulis measure in [POP] . 
is a separation property of critical exponents. 

6.3 Disintegration of the Bowen-Margulis measure 

Let C be a proper nonempty closed convex subset of M. Define 

Uq = {v£ T^M : v+ i SooC} , (20) 
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which is an open subset of T^M, invariant under the geodesic flow. 

Let f^ : Uq — ;■ d\,C be the composition of the map 
from U^ onto dooM — dooC sending v to f+ and the 

homeomorphism vP^ from dooM — dooC to d^C. The 
map fj^ is a Holder continuous fibration, invariant under 
the geodesic flow. The fiber of f^ above w £ d^C is 

exactly the stable leaf W^{w) = {v £ T^M : f + = W-^-}. 
See |PP6j for further properties of /g. 

The following disintegration result of the Bowen-Margulis measure over the skinning 
measure of C is the crucial tool for the proof in ^PP7j of our general counting result, see 
Section O 

Proposition 9 (Parkkonen-Paulin [PP6]) Let C be a proper nonempty closed convex 
subset of M . The restriction to U^ of the Bowen-Margulis measure ttibm disintegrates 
by the fibration f^ : C/g — )■ d\C , over the skinning measure a^ of C , with conditional 
measure e<5/3™+(^W-^W) d/i^(y) on the fiber f~\w) = W'{w) of w e 9|C.- 

dmBM{v)= f _ e^^»+W'")'"(^))d/i^(f)(ia^(u;). D 

7 Finite volume hyperbolic manifolds 

In this section, we consider the special case when M = H^, F is a discrete group of 
isometrics of M and M = T\M has finite volume, and we relate the measures defined in 
Section M with more classical measures. For every p £ N, we denote by \p the standard 
Lebesgue measure of W. 

Under the assumptions of this section, there exists a unique Patterson density (//x)xeH" 
of dimension n — 1 for F normalised to have total mass Vol(S"~"'^) for every x G H^, which 
we call the spherical density and we now describe. 

In the unit ball model of W^ with origin 0, the measure ^o of the spherical density 
{^x)x<^U" is the Lebesgue measure of S"^-*^ = SooHIk ^^^ (^^^ ^^^ instance \BU.\ p. 273]) 



dlJ'X,^. ^-(n~l)8c(x.O) /1~If 



|2\ n—1 

dfio^^' V 11^ -ell 

In the upper halfspace model with point at infinity oo, using the standard inversion map- 
ping the ball model to the upper halfspace model, the spherical density {fix)xeu^ has the 
expression, for every ^ G M"-"^ = ^ooHj^ — {oo}; 

^A^-(e) = (^^)""' dXn-iiO , (21) 

||x — 411^ 

where x„ is the last (vertical) coordinate of any x G HJ. 

In the unit ball model of Hg, the visual distance do seen from the origin (see Section 



2.3) coincides with half the chordal distance (see for example |Bou| ). In the upper halfspace 
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model, an easy computation shows that the Busemann cocycle of H^ is 



^xn \\y-^\\' 



/3^(.,y) = ln(^^-^) (22) 



for ah x,y G Hlg and all ^ G M" ^. By Equation ([3|, for any basepoint x G HJ and all 
(^,77 G M""^, we get an expression for the visual distance seen from x: 



\x — S,\\\\x — r]\\ 
Thus, in the upper halfspace model, for any v G T^Hj^ such that v± / 00, we have 

d^Buiv) = ||^^-^_||2(n-l) ' (23) 

where t is the signed distance from the closest point to 00 on the geodesic line ]f_, z;-(-[ to 
7r(f). 

It is known that the Liouville measure, normalised to be a probability measure, is the 
probability measure of maximal entropy for the geodesic flow in constant curvature and 
finite volume. Thus, the Bowen-Margulis measure coincides (up to a positive multiplicative 
constant) with the Liouville measure. We now determine the proportionality constant. 

Proposition 10 Let M be a finite volume complete hyperbolic m,anifold of dim,ension n > 
2, dYolxiM ^^-5 Liouville m,easure, and drriBM its Bowen-Margulis measure, constructed 
using the spherical Patterson density. Then 

druBM = 2"^ dYo\j'i]<^/[ . 

In particular, 

llmBMll = 2*"^^ Vol(S"~i) Vol(M) . (24) 

Proof. We use the upper halfspace model 

H| = {x = {x, Xn) G M""^ X R : x„ > 0} . 

We parametrise the unit tangent sphere at any point x G Hg by the positive endpoint 
v+ G M"~"'^U{oo} of a unit tangent vector v G T^H^. This gives a parametrisation of r^Hj^ 
by pairs (x, v+) G IHI|^ x (M"~^ U {00}). Recall that the Liouville measure disintegrates as 



dVolriM" = / dVolriM" dVoWfx) . 



Hence in the full- measure subset where t;+ 7^ 00, the Liouville measure may be written 

_ {2XnT~'^ dXn-l{v+) dXn{x) _ 2"-^ dXn-l{x)dXn-l{v+)dXn /^,r;^ 

^ ||x — U+ll^'." '^> X'^ \\x — V+W^^^ ' Xn 



In order to relate the formulas ( 23 ) and ( 25 ) , let us give the expression of the coordl 



nates (x,Xri,,f+) in terms of the coordinates (t;_,f+,i). 
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Let a be the angle between the segments 
\^~ 2^ ,t'+] and [ ^~2^^ ;^]- Let p be the algebraic 
distance from '"'2"^ to x on the line through v- 
and ^4- oriented from V- to v+. We have 

V- 



X 






2 ■ ||t;+ — V- 

and by a formula of |Beal p. 147], 

1 



sinht 
Since p^ + x'^ = 



tana 

V+—V— II 



2 

|u+ — V 



2 cosh t 



^, we hence have 
and X = - 




X 11+ 



\ tanht . 

2 2 



Writing x = (x^, . . . ,x" "'^) and u-t = (v^, . . . ,^5 ) and differentiating the above equa- 
tions with vj^ constant, we have, for i = 1 . . . , n — 1, 



uXfi 



and 



sinh t 
2 cosh^ t 



dx' 



|w+ — V-\\ dt ■ 



n—l j 
Vj_ 



E 



2 cosh t ^ — ' ||f4 



dv-' 



1 — tanh t 



dvl + 



2 cosh^ t 



dt 



Therefore an easy computation, using the facts that x — v+ 



1— tanht 



(^- 



v+, 



and 



\x — v+\ 



dx' A 



v+f + xl 



A dx^ ^ A dxn 



1— tanht 



P, shows that 



2 ll^+ - V- 

Vj^ — V-\\ /I — tanht\"-i 



2 cosh t 

'\x — v+ 



2 

12 X „-l 



dv\ A 



dv_ ^■■■ ^ dv1~' A (ii 



A dv^^r^ A di 



The result then follows from the formulas (23) and (25). 



D 



Let now C be either a Margulis cusp neighbourhood in M or a totally geodesic im- 
mersed submanifold of M with finite volume, and let us relate the skinning measure of 
C to the usual Riemannian measure on the outer unit normal bundle of C. Note that 
the Riemannian measure d Volgi ^ disintegrates with respect to the basepoint fibration 

9:J_C — )• dC over the Riemannian measure of dC, with measure on the fiber of x G dC the 
spherical measure on the outer unit normal vectors to C at x: 



dYolgic = / d^olgicnriM dYoladx) 

Jx£dC 



(26) 



Homogeneity considerations show that the skinning measure ac coincides up to a mul- 
tiplicative constant with the Riemannian measure Vol^i q. We now compute the constant. 
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Proposition 11 Let M he a finite volume complete hyperbolic m,anifold of dim,ension 
n > 2. We use the spherical Patterson density to define the skinning measures. 
(1) If C is a Margulis cusp neighbourhood, then 



^"-1 VoUi 



d\C 



ac = 2, 
(2) If C is a finite volume totally geodesic properly immersed suhmanifold of M , then 

OC = Volgl c . 



In particular, if C is a Margulis cusp neighbourhood of M, then (see for instance [Hersl 
p. 473] for the last equality) 

\\ac\\ = 2"-i Vol(5|C) = 2"-^ Vol(aC) = 2'^-^(n - 1) Vol(C) , 

and if C is a finite volume totally geodesic properly immersed submanifold of dimension 
fc G {l,...,n- 1} of M, then 



Fcl 



5?i— A;— 1 



Vol(S"-'=-^)Vol(C) 



Proof. (1) Consider the horoball C in the upper halfspace model of H^ that consists of 
the points whose last (vertical) coordinate is at least 1. Fix a basepoint xq = (0, 1) G 
M"-ix ]0,+oo[. Note that the closest point to ^ E M"-^ in C is Pq{C) = (^,1) G 
M"^^x ]0,+oo[. Using the definition of the skinning measure for the first equality and 



the formulas (21) and (22) for the second one, we hence have 



da^ivj) = e-(«-i)/3-+(^c("'+).^o) d^x^^{w+) 



|xo -w+ 



\2\n-l, 



,n-l 



|Xo -w+\ 



d\n-l{w+) 



in— 1 



d\n-l{w+). 



Since dC = {(x, 1) : x € M*^"^} is a codimension one submanifold of H^, whose induced 
Riemannian metric is isometric to the Euclidean metric on M"~^ by the map (x, 1) i— )■ x, 
the result follows. 

(2) Let 1 < A; < n — 1. In the upper halfspace model of Hj^ with basepoint xq = 
(0, ... ,0, 1), consider the fc-dimensional totally geodesic subspace. 



C = {x= (xi,...,x„) GMJ :xi 



^n—k — "J ) 



which is isometric to Mt and has Riemannian volume d Vol?, = — fc u^" k+i,--,^n i) — i(,^n) 



For any C = (?',?') G 



pn—k 



pfc-1 



on— 1 



5„ 



{(X)}, the closest point to 



e in c is p^(o = (o,eMiei) e 



pn—k 



nfc-1- 



-X ]0,+oo[ = Mg. Note that 7r(tt;)„ = 
\\w^\\ and ||vr(t(;) — t«+|p = 2 7r(tt;)„||t(;^|| for 
every w G 9^IHI^. Recall that the map w i— ;■ 
w+ from die to OooH^ - d^oC = M""! - 
(M^^^ X {0}) is a homeomorphism. 
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Using the definition of the skinning measure for the first equahty and the formulas 



(21) and (22) for the second one, we hence get 






\ ( \ 112/ \ II 112/ C?A„_i(w+) - 

\'K\W) — Wj^\\^ / \||X0 — If+ll / l|W^+ll 



On the other hand, by Equation (26), we have 



A\T ^ ( \ AM -i ( ^+ -. d\k-i{w\) d\i{\\w\ 
d\o\Q,j;{w) = dVolsn-fe-i (^-^) ^-^^ 



will \\w^ 

n— 1 min—k ^ mik—1 



Using spherical coordinates on the first factor of M" = M" x M , we have 
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d\n-l{w+) = IKII"-'^-^ dVolsn-fe-i {-^) d\l{\\wl\\) dXk-liwl) . 

Hence a^ = VoLi p^, and the result follows by taking quotients. D 

8 The main counting result of common perpendiculars 

Let M be a nonelementary complete connected Riemannian manifold with dimension 
at least 2 and pinched sectional curvature at most —1. Let M — )• M be a universal 
Riemannian cover of M, with covering group T. Let 6 be the critical exponent of T. We 
assume that the Bowen-Margulis measure ttt-bm of M is finite and mixing for the geodesic 
flow. 

Theorem 12 (Parkkonen-Paulin [PP7]) Let C_ and C+ be two properly immersed 
closed convex subsets of M. Assume that their skinning measures ac_ and ac+ are finite 
and nonzero. Then, as s ^ +c«, 

,, , X lkc_|| Ikc+ll e'^'* 

"T-BM 



As in Hermann's result (see Equation ([8]) in Section 3.4) or Oh-Shah's result (see the 



end of Section 3.6), the endpoints of the common perpendiculars are evenly distributed 



simultaneously on C_ and on C+, in the following sense. 

Theorem 13 (Parkkonen-Paulin [PP7J ) Let C_ and C+ be two properly immersed 
closed convex subsets of M. Let Q" and 0+ be relatively compact subsets of d\,C- 
and d\Cj^, respectively. Assume that ac_{^) i^ 0, acj^iS^^^ 7^ and o"c_(5ri^) = 
fc+(c^^'^) = 0. Then, as s ^ +oo, the number J^q- q+(s) of common perpendiculars of 
C- and C+, with lengths at most s, and with initial vector in i}~ and terminal vector in 
lQ'^, satisfies 

IrbmII 
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Let us give a brief sketch of proof of these results, which uses directly the mixing 
property of the geodesic flow (and avoids the equidistribution step in Margulis's scheme 
of proof). This will, in particular, allow us in Section ^ to give estimates on the error 
terms in the presence of exponential decay of correlations. We refer to |PP7| for complete 
proofs. 

By definition, C_ and C+ are the images in M of two proper nonempty closed convex 
subsets C_ and C+ in M, whose T-orbits are locally finite. 

We introduce dynamical neighbourhoods of d]_C- and d\C+, and we define bump 
functions supported in them, to which we will apply the mixing property. We fix 77 > 
small enough and R > big enough. 

For every w G T^M, let Vw^r be the ball of center w and radius R for Hamenstadt's 



distance dvi/''»(w) on the strong stable leaf W^'^{w) of w (see Section 2.4). For every proper 
nonempty closed convex subset D in M whose F-orbit is locally finite, let i^n.R{D) be the 
union for all w £ d^D and s G ]—r],r][ of the sets g^V^^R- These dynamical neighbourhoods 
'fri,RiD) are natural under isometrics, hence, with D is the image of D in M, they allow 
to define nice neighbourhoods 'fri.RiD) of d\D, that scale nicely under the geodesic flow: 
g'^vAD) = r^,e-tR{.AD) for every t > 0. 

Let h„ R : T^M — )• [0, +cxd1 be the measurable map defined by tt; 1— )• r,„ , sji/ — v. 
The constant -R > is chosen big enough so that the above denominator is nonzero if 
w G d\C± (see |PP7t Lem. 7]). We denote by XA the characteristic function of a subset 
A. Let <p f) '■ T^M — )• [0, +00] be the map defined by (using the convention 00 x = 0) 

7er/r5 

wher Fp, is the stabiliser of D in F. The function 6 ^\s invariant under F, hence defines 
by taking the quotient by F a test function (pj^^o : T^M — )• [0, +cxd]. Now define (/>" = 4'n,C- 
and (j)^ = <pri,c+ ° '•• The invariance of the Bowen-Margulis measure by the antipodal map 
and the disintegration result of Proposition ^ allow to prove (see [PP7t Prop. 16]) that 

(pt druBM = \Wc±\\ ■ (27) 

The main trick in the proof is to estimate in two ways the integral 

Jt^m 



On one hand, by Equation (27) and the mixing property of the geodesic flow, the integral 



•yr){i) converges, for every fixed 77 > 0, to — n— — n — as t — >• +00. 

On the other hand, a vector v G T'^M, with a fixed lift v to T'^M, belongs to the 
support of (j)~ o (7*/2 (f)^ o g~*/^ if and only if g~^''^v belongs to the support of (/>" and g*''^v 
belongs to the support of 4>'^, that is, if and only if there exist 7^ G F, s^ G ] — ??,??[, 

^± G 7^9+ C-t and v^ G Vy^±ji such that v = 52"^* v~ = g~2~^ iv~^ ■ For every e > 0, 
by the properties of negative curvature, this implies, if t] is small enough, and uniformly 
in t big enough, that tt(v) is not far from the midpoint of a common perpendicular arc 
between 7~C_ and j~^C+, of length close to ]t — ri,t + r][, and that g^''^j~d\C- is close 

33 



to a piece of strong unstable leaf at v, and g */^7+t9^C+ is close to a piece of strong 
stable leaf at v. Furthermore, each such midpoint contributes to the integral J^-qit), by an 
amount which is, as r] is small and uniformly in t big enough, almost ^ — . By a Cesar o 
type of argument, the results follows, by integrating e . 



To pass from Theorem 12 to Theorem 13 we replace ^}^_C- and 9^C+ by Q and Q~^, 



the endpoints of the common perpendicular constructed above being close to 7_r2 and 
7+ri^, which have measure boundary. 

We end this section by completing the list of examples given in Section [3| adding 
the following two cases. They follow (see |PP7j ) by applying the main Theorem |12[ the 



remarks following the statement of Proposition 1 1 , and Equation ( 24 ) 



Corollary 14 Let M be a finite volume complete hyperbolic m,anifold of dim,ension n>2. 

(1) If C_ and C+ are properly immersed finite volume totally geodesic submanifolds of M 
of dimensions k- and fc+ in [l,n — 1], respectively, then 

^ Vol(S"-^--i) Vol(S"-fe+-^) Vol(C-) Vol(C+) e("-^)" 
^^^ 2"-iVol(§"-i) Vol(M) n-1 ' 

as s ^ +00. 

(2) If C- = M'^ and C+ = J^ are Margulis cusp neighbourhoods in M , then 

^' Vol(S"-i)Vol(M) 

In particular, if C_ and C+ are closed geodesies of M of lengths i- and ^+, respectively, 
then the number J\^{s) of common perpendiculars (counted with multiplicity) between C_ 
and C+ of length at most s satisfies, as s — t- +c«. 



^ ' on— 1 



Vol(S"-2)2 ^_ £^ g(n-l)s 

Vol(S"-i)Vol(Af) n-1 



9 Spectral gaps, exponential decay of correlations and error 
terms 

Let M be a nonelementary complete connected Riemannian manifold with dimension 
at least 2 and pinched sectional curvature at most —1. Let M — )• M be a universal 
Riemannian cover of M, with covering group F. Let b be the critical exponent of F. We 
assume that the Bowen-Margulis measure rriBM of M is finite and mixing for the geodesic 
flow. We denote by mBM = ||™^'^|| its normalisation to a probability measure. 

In this section, we give error terms in our main counting result, when the geodesic flow 
is exponentially mixing. Recall that there are two types of exponential mixing results. 

Firstly, when M is locally symmetric with finite volume, then the boundary at infinity 
of -M, the strong unstable, unstable, stable, and strong stable foliations of M are smooth. 
Hence talking about "^^-smooth leafwise defined functions on T^M makes sense. We 
will denote by 'io^{T^M) the vector space of '^ smooth functions on T'^M with compact 
support and by ||^||£ the Sobolev VF^'^-norm of any ip G 'io'^{T^M). Note that now the 
Bowen-Margulis measure of T^M is the unique (up to a multiplicative constant) locally 
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homogeneous smooth measure on T^M (hence it coincides, up to a multiphcative constant, 
with the Liouville measure). 

Given ^ G N, we will say that the geodesic flow on T^M is exponentially mixing for 
the Sobolev regularity I (or that it has exponential decay of i-Sobolev correlations) if there 
exist c, K > such that for all (j),ijj ^ 'ia'^{T^M) and all t G M, we have 



(j)o g ijj dniBM - (/) druBM / tp dniBM 



< ce 



-K|t| 



When r is a torsion free arithmetic lattice in the isometry group of M, this property, for 
some iGN, follows from |KMH Theo. 2.4.5], with the help of [UIol Theo. 3.1] to check its 
spectral gap property, and of |KM2[ Lem. 3.1] to deal with finite cover problems. 

Secondly, when M is only assumed to be as in the beginning of this section, then the 
boundary at infinity, the strong unstable, unstable, stable, and strong stable foliations are 
only Holder smooth, hence the appropriate regularity on functions on M is the Holder 
one. We denote by C"(X) the space of a-Holder continuous real- valued functions with 
compact support on a metric space {X, d) , endowed with the Holder norm 

sup l^<-'-^WI 



X, j/ex, XT^y d(x, yj" 

Assuming the Bowen-Margulis measure mBM on T^M to be finite, given a G ]0, 1[, we 
will say that the geodesic flow on T^M is exponentially mixing for the Holder regularity a 
(or that it has exponential decay of a-Holder correlations) if there exist k, c > such that 
for aU (/), V' G C°{T'^M) and all t G M, we have 



/ 4)0 g * ip druBM - </> dmBM / V' druBM 



< c e 



-K\t\ 



This holds if M has dimension 2 by the work of Dolgopyat [Dol] or if M is locally symmetric 
by [Sto. Coro. 1.5] (see also [Lrv] when M is compact, the result stated for the Liouville 
measure should extend to the Bowen-Margulis measure). 

Using smoothening processes of the functions cf)^ introduced in the sketch of proof of 



Section^ we obtain the following error terms in our main counting result Theorem 12 



Theorem 15 (Parkkonen-Paulin [PP7j ) Let C- and C+ he two properly immersed 
closed convex subsets of M . Assume that their skinning measures ac^ and ac^ are fi- 
nite and nonzero. Assume that the geodesic flow is exponentially mixing (for the Holder 
regularity or for the Sobolev regularity). Then there is some k > such that, as s ^ +oo, 

^c_,c+(s) ~ ^^^^^ "^(1 + 0(6— )) . 



This error term is also valid for the effective counting Theorem 13 This result gives in 
particular an exponential control in the error terms in the list of examples given in Section 
[3j as well as in Corollary 14 



As an application of Theorem |15[ using Humbert's formula and the area of the funda- 
mental domain of i^K in I^^ (see for example |EGMl p. 318]), we get a version of Cosentino's 
asymptotic estimate ([9]) on the number of common perpendiculars from the Margulis cusp 
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neighbourhood corresponding to the horoball of points with vertical coordinates at most 
1 to itself in PSL(^/^)\]HIj|, valid for all discriminants: 



^|/?X|2 



^(s) = — ^^^ e^'(l + 0(e-'^^)), 



when s — )• +00. 



10 Gibbs measures and counting arcs with weights 

Let M be a nonelementary complete connected Riemannian manifold with dimension 
at least 2 and pinched sectional curvature at most —1. Let M — )• M be a universal 
Riemannian cover of M, with covering group T. 

When counting geodesic arcs, it is sometimes useful to give them a higher weight if 
they are passing through a given region of Af , and even more precisely, through a given 
region in position and direction. The trick is to introduce a potential, that is a Holder 
continuous map F : T^M — j- M. To shorten the exposition, we will assume in this survey 
that F is bounded, nonnegative and reversible, that is, that Fol = F. Neither assumption 
is necessary, up to the appropriate modifications, see |PP7| . Given a piecewise smooth 
path c : [a, h] — t- M, one defines its weighted length for the potential F as 



I F = I Foc{t)dt . 

J c J a 



We are now going to adapt the material of Section [6] to the weighted case, see for instance 
|Ledt IHam21 ICouj ISch^ IMoh| IPPS| IPP7J with an emphasis on the last two ones for more 
information. 

Let F = F o Tp : T^M ^ R he the_^ift of F by the universal cover p : M ^Jd. 
For every x, y in M, if c : [0, d{x, y)] — )• M is the geodesic path from x to y, let J^ F = 
J [.^,y) ^ o c (t) dt. The critical exponent of the potential F is 

dp = lim — In > e-l^ , 

n—^+oo n ^ — ' 

7£r, d{x,'yy)<n 

see |PPS1 Theo. 3.2] for the existence and finiteness of the above limit and its independence 
on x,y G M. Replacing the previous critical exponent 6, the critical exponent 6f of the 
potential F will give the exponential growth rate in the counting of weighted common 
perpendiculars. 

Similarly, the Busemann cocycle f3^{x,y) needs to be replaced. The Gibbs cocycle 
associated to the potential F is the function C = C^ : dooM x M x M ^M. defined by 

(e,x,y)^Q(x,y)= lim f \f - dp) - [ \f - 6f) , 

*-> + <« Jy Jx 

where f 1— )• ^t is any geodesic ray with endpoint ^ € dooM. The Gibbs cocycle satisfies 
obvious equivariance and cocycle properties: For all x,y,z £ M, and for every isometry 7 
of M, we have 

C^^ijx, 7y) = Q(x, y) and ^(x, z) + C^{z, y) = Q(x, y) . (28) 
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Similarly, the Bowen-Margulis measure needs to be replaced. Let r > 0. A family 
(^x) pT? of finite Borel measures on dooM whose support is the limit set AF of F is a 
Patterson density of dimension r for the potential F if 

for all 7 G F and all x £ M, and if the following Radon-Nikodym derivative exists for all 
x,y G M and satisfies, for all ^ G 9ooM, 

dfly 

Let (^x) p^Tf be a Patterson density of dimension 6f for the potential F. The Gibbs 
measure on T^M for the potential F is the measure fhp on T^M given by 
drnpiv) = e^-(^o,-(^))+C„+(a;o,-{t-)) di_ix„{v-) dnxo{v+) dt , 

using Hopf's parametrisation. The Gibbs measure friF is independent of the basepoint 
xq G M used in its definition, and it is invariant under the actions of the group F and 
the geodesic flow. Thus, it defines a measure mp on T^M which is invariant under the 
geodesic flow, called the Gibbs measure on T^M for the potential F. When the Gibbs 
measure mp is finite, there exists a unique (up to a multiplicative constant) Patterson 
density of dimension Sp for the potential F; the probability measure \\^^ u is uniquely 
defined; it is the unique probability measure of maximal pressure for the geodesic flow and 
the potential F; see (PPS| for proofs of these claims. When finite, the Gibbs measure on 
T^M is mixing if the geodesic flow is topologically mixing, see [Babl| . 

Let D be a properly immersed closed convex subset of M, and let D be a proper 
nonempty closed convex subset of M, whose F-orbit is locally finite and whose image in 
M is D. We also need to adapt the skinning measures to the presence of the potential F. 
The skinning measure of D for the potential F is the measure 5~ on d\D, defined, using 

the homeomorphism v ^^ vj^ from d\D to docM — dooD, by 

d5g(T;) = e^"+(^0'^i^('^+»d/i,„(t.+). 

It is independent of the basepoint xq, and satisfies 7*(ct~) = a^~ for every 7 G F. Let 
Fpj be the stabiliser in F of D. The F-invariant locally finite Borel positive measure 
Z^7er/r- ^*^^ defines, through the covering T^M — )• T^M, a locally finite measure af^, 
called the skinning measure of D for the potential F. See [PP7j for further information 
on the skinning measures with potential. 

Let D^,D^ be two properly immersed closed convex subsets of M. For every s > 0, 
recall that Perp^_ £> (s) is the set of the common perpendiculars from D- to D^ having 
lengths at most s. The weighted counting function of common perpendiculars between D- 
and D_|- (counted with multiplicities) for the potential F is 

^d.,d+,f{s) = ^ m{c) e^cP . 

cePerp£,__o^(s) 

Using the same scheme of proof as explained in Section [8j we have the following asymptotic 
result. 
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Theorem 16 (Parkkonen-Paulin [ PP7] ) Let M be a nonelementary complete con- 
nected Riemannian manifold with pinched sectional curvature —6^ < K < —1, and let 
F : T^M ^- M. be a (bounded, nonnegative, reversible) Holder continuous map. Let 6f 
be the critical exponent of the potential F. Assume that the Gibbs measure mp is finite 
and mixing for the geodesic flow. Let D- and -D+ be two properly immersed closed convex 
subsets of M. Assume that afj and af^ are finite and nonzero. Then, as s ^ +oo, 



^d_,d+,f{s) 



Fd_II IFd4 



\mp\\ 5f 



We have error terms in the presence of exponential decay of correlations, and the 
endpoints of the common perpendiculars are evenly distributed, that is, we may restrict 
to counting the common perpendiculars with endpoints in measurable subsets 0_ and 
$7+, with finite nonzero skinning measures for the potential F and negligible boundary, 
of d]_D^ and d\D^, respectively, as in the two previous sections, see |PP7| for precise 
statements and proofs. 

References 

[AM] V. Ala-Mattila. Geometric characterizations for Patterson-Sullivan measures of geomet- 
rically finite Kleinian groups. Ann. Acad. Sci. Fenn. Math. Diss. 157, 2011. 

[Asl] H. Aslaksen. Quaternionic determinants. Math. Intelligencer 18 (1996) 57-65. 

[Babl] M. Babillot. On the mixing property for hyperbolic systems. Israel J. Math. 129 (2002) 
61-76. 

[Bab2] M. Babillot. Points entiers et groupes discrets : de I'analyse aux systemes dynamiques. 
in "Rigidite, groupe fondamental et dynamique", Panor. Syntheses 13, 1-119, Soc. Math. 
France, 2002. 

[Bea] A. F. Beardon. The geometry of discrete groups. Grad. Texts Math. 91, Springer- Verlag, 
1983. 

[BHP] K. Belabas, S. Hersonsky, and F. Paulin. Counting horoballs and rational geodesies. Bull, 
bond. Math. Soc. 33 (2001), 606-612. 

[BFL] Y. Benoist, P. Foulon, and F. Labourie. Plots d'Anosov a distributions stable et instable 
difjerentiables. J. Amer. Math. Soc. 5 (1992) 33-74. 

[Bou] M. Bourdon. Structure conforme au bord et flot geodesique d'un CAT[—1) espace. L'Ens. 
Math. 41 (1995) 63-102. 

[Bowd] B. Bowditch. Geometrical finiteness with variable negative curvature. Duke Math. J. 77 
(1995) 229-274. 

[Bowe] R. Bowen. The equidistribution of closed geodesies. Amer. J. Math. 94 (1972), 413-423. 

[BH] M. R. Bridson and A. Haefliger. Metric spaces of non-positive curvature. Grund. math. 
Wiss. 319, Springer Verlag, 1999. 

[Clo] b. Clozel. Demonstration de la conjecture r. Invent. Math. 151 (2003) 297-328. 

[Coh] H. Cohn. A second course in number theory. Wiley, 1962, reprinted as Advanced number 
theory, Dover, 1980. 

[CI] K. Corlette and A. lozzi. Limit sets of discrete groups of isometrics of exotic hyperbolic 
spaces. Trans. Amer. Math. Soc. 351 (1999) 1507-1530. 

38 



[Cos] S. Cosentino. Equidistrihution of parabolic fixed points in the limit set of Kleinian groups. 
Erg. Theo. Dyn. Syst. 19 (1999) 1437-1484. 

[Cou] Y. Coudene. Gibbs measures on negatively curved manifolds. J. Dynam. Control Syst. 9 
(2003) 89-101. 

[Dal] F. Dal'Bo. Remarques sur le spectre des longueurs d'une surface et comptage. Bel. Soc. 
Bras. Math. 30 (1999) 199-221. 

[DOP] F. Dal'Bo, J. -P. Otal, and M. Peigne. Series de Poincare des groupes geometriquement 
finis. Israel J. Math. 118 (2000) 109-124. 

[Die] J. Dicudonne. Les determinants sur un corps non commutatif. Bull. Soc. Math. France, 
71 (1943) 27-45. 

[Dol] D. Dolgopyat. On decay of correlation in Anosov flows. Ann. of Math. 147 (1998) 357-390. 

[DRS] W. Duke, Z. Rudnick, and P. Sarnak. Density of integer points on affine homogeneous 
varieties. Duke Math. J. 71 (1993) 143-179. 

[EGM] J. Elstrodt, F. Grunewald, and J. Mcnnicke. Groups acting on hyperbolic space: Harmonic 
analysis and number theory. Springer Mono. Math., Springer Verlag, 1998. 

[EM] A. Eskin and C. McMuUcn. Mixing, counting, and equidistribution in Lie groups. Duke 
Math. J. 71 (1993) 181-209. 

[Fed] H. Federer. Gurvature measures. Trans. Amer. Math. Soc. 93 (1959) 418-491. 

[Ghy] E. Ghys. Plots d' Anosov dont les feuilletages stables sont differentiables. Ann. Sci. Ec. 
Norm. Sup. 20 (1987) 251-270. 

[Haml] U. Hamenstadt. A new description of the Bowen-Margulis measure. Erg. Theo. Dyn. Sys. 
9 (1989) 455-464. 

[Ham2] U. Hamenstadt. Gocycles, Hausdorff measures and cross ratios. Erg. Theo. Dyn. Sys. 17 
(1997) 1061-1081. 

[HW] G. H. Hardy and E. M. Wright. An introduction to the theory of numbers. Oxford Univ. 
Press, sixth ed., 2008. 

[Herr] O. Herrmann. Uber die Verteilung der Ldngen geoddtischer Lote in hyperbolischen Raum- 
formen. Math. Z. 79 (1962) 323-343. 

[Hers] S. Hersonsky. Govolume estimates for discrete groups of hyperbolic isometrics having 
parabolic elements. Michigan Math. J. 40 (1993) 467-475. 

[HPl] S. Hersonsky and F. Paulin. On the rigidity of discrete isometry groups of negatively 
curved spaces. Comm. Math. Helv. 72 (1997) 349-388. 

[HP2] S. Hersonsky and F. Paulin. Gounting orbit points in coverings of negatively curved mani- 
folds and Hausdorff dimension of cusp excursions. Erg. Theo. Dyn. Sys. 24 (2004) 803-824. 

[HP3] S. Hersonsky and F. Paulin. On the almost sure spiraling of geodesies in negatively curved 
manifolds. J. Diff. Geom. 85 (2010) 271-314. 

[HPu] M. Hirsch and C. Pugh. Smoothness of horocycle foliations. J. Diff. Geom. 10 (1975) 
225-238. 

[Hop] E. Hopf. Ergodic theory and the geodesic flow on surfaces of constant negative curvature. 
Bull. Amer. Math. Soc. 77 (1971) 863-877. 

[Hub] H. Huber. Zur analytischen Theorie hyperbolischen Raumformen und Bewegungsgruppen. 
Math. Ann. 138 (1959) 1-26. 

39 



[HK] S. Hurder and A. Katok. Differentiability, rigidity and Godhillon-Vey classes for Anosov 
flows. Pub. Math. I. H. E. S. 72 (1990) 5-61. 

[Hux] M. N. Huxley. Exponential sums and lattice points III. Proc. London Math. Soc. 87 (2003) 
591-609. 

[Kai] V. Kaimanovich. Invariant measures of the geodesic flow and measures at infinity on 
negatively curved manifolds. Ann. Inst. Henri Poincare, Phys. Thco. 53 (1990) 361-393. 

[KH] A. Katok and B. Hassclblatt. Introduction to the modern theory of dynamical systems. 
Ency. Math. App. 54, Camb. Univ. Press, 1995. 

[Kel] R. Kellerhals. Quaternions and some global properties of hyperbolic b-manifolds. Canad. 
J. Math. 55 (2003) 1080-1099. 

[KMl] D. Kleinbock and G. Marguhs. Bounded orbits of nonquasiunipotent flows on homogeneous 
spaces. Sinai's Moscow Seminar on Dynamical Systems, 141-172, Amer. Math. Soc. Transl. 
Ser. 171, Amer. Math. Soc. 1996. 

[KM2] D. Kleinbock and G. Margulis. Logarithm laws for flows on homogeneous spaces. Invent. 
Math. 138 (1999) 451-494. 

[Klo] H. D. Kloosterman. On the representation of numbers in the form ax^ + hy^ + cz^ + dt^ . 
Acta Math. 49 (1927) 407-464. 

[Kon] A. Kontorovich. The hyperbolic lattice point count in infinite volume with applications to 
sieves. Duke Math. J. 149 (2009) 1-36. 

[KOh] A. Kontorovich and H. Oh. Apollonian circle packings and closed horospheres on hyperbolic 
'3-manifolds. J. Amer. Math. Soc. 24 (2011) 603-648. 

[KOs] V. Krafft and D. Osenberg. Eisensteinreihen fiir einige arithmetisch definierte Untergrup- 
pen von SL2(H). Math. Z. 204 (1990) 425-449. 

[Lan] E. Landau. Elementary number theory. Chelsea Pub. 1958. 

[LP] P. D. Lax and R. S. Phillips. The asymptotic distribution of lattice points in Euclidean 
and non-Euclidean spaces. J. Fund. Anal. 46 (1982) 280-350. 

[Led] F. Ledrappier. Structure au bord des varietes d courbure negative. Scni. Thcorie Spec. 
Geom. Grenoble 13, Annee 1994-1995, 97-122. 

[Liv] C. Liverani. On contact Anosov flows. Ann. of Math. 159 (2004) 1275 1312. 

[MR] C. Maclachlan and A. Reid. Parametrizing Fuchsian .subgroups of the Bianchi groups. 
Canad. J. Math. 43 (1991) 158-181. 

[Marl] G. Margulis. Applications of ergodic theory for the investigation of manifolds of negative 
curvature. Funct. Anal. Apphc. 3 (1969) 335-336. 

[Mar2] G. Margulis. On some aspects of the theory of Anosov systems. Mono. Math., Springer 
Verlag, 2004. 

[Moh] O. Mohsen. Le bas du spectre d'une variete hyperbolique est un point selle. Ann. Sci. Ecole 
Norm. Sup. 40 (2007) 191-207. 

[Mos] G. D. Mostow. Strong rigidity of locally symetric spaces. Ann. Math. Studies 78, Princeton 
Univ. Press, 1973. 

[OSl] H. Oh and N. Shah. The asymptotic distribution of circles in the orbits of Kleinian groups. 
Invent. Math. 187 (2012) 1 35. 

[0S2] H. Oh and N. Shah. Counting visible circles on the sphere and Kleinian groups. Preprint 
[arXiv: 1004.2129]. 

40 



[083] H. Oh and N. Shah. Equidistrihution and counting for orbits of geometrically finite hyper- 
bolic groups. Preprint [arXiv: 1001 .2096] . 

[OP] J. -P. Otal and M. Peigne. Principe variationnel et groupes kleiniens. Duke Math. J. 125 
(2004) 15-44. 

[Par] W. Parry. Bowen's equidistribution theory and the Dirichlet density theorem. Erg. Theo. 
Dyn. Syst. 4 (1984) 117-134. 

[Pat] S. J. Patterson. The limit set of a Fuchsian group. Acta. Math. 136 (1976) 241-273. 

[PPl] J. Parkkonen and F. Pauhn. Prescribing the behaviour of geodesies in negative curvature. 
Gconi. & Topo. 14 (2010) 277-392. 

[PP2] J. Parkkonen and F. Pauhn. Equidistribution, counting and arithmetic applications. Ober- 
wolfach Report 29 (2010) 35-37. 

[PP3] J. Parkkonen and F. Pauhn. On the representations of integers by indefinite binary Her- 
mitian forms. Buh. London Math. Soc. 43 (2011) 1048-1058. 

[PP4] J. Parkkonen and F. Pauhn. On the arithmetic and geometry of binary Hamiltonian 
forms. Appendix by Vincent Emery. Preprint [arXiv 1105.2290] , to appear in Algebra 
& Number Theory. 

[PP5] J. Parkkonen and F. Pauhn. Equidistribution, comptage et approximation par irrationnels 
quadratiques. Preprint [arXiv: 1004.0454] , to appear in Journal of Modern Dynamics. 

[PPG] J. Parkkonen and F. Paulin. Skinning measure in negative curvature and equidistribution 
of equidistant subnianifolds. Preprint [arXiv : 1202 . 6398] . 

[PP7] J. Parkkonen and F. Paulin. Counting common perpendicular arcs in negative curvature. 
In preparation. 

[PPo] W. Parry and M. PoUicott. An analog of the prime number theorem for closed orbits of 
Axiom A flows. Ann. of Math. 118 (1983) 573-591. 

[PPS] F. Paulin, M. Pollicott, and B. Schapira. Equilibrium states in negative curvature. In 
preparation. 

[Pol] M. Pollicott. A symbolic proof of a theorem of Margulis on geodesic arcs on negatively 
curved manifolds. Amer. J. Math. 117 (1995) 289-305. 

[Pra] G. Prasad. Volumes of S-arithmetic quotients of semi-simple groups. Publ. Math. Inst. 
Hautes Etudes Sci. 69 (1989) 91-117. 

[Rei] I. Reiner. Maximal orders. Academic Press, 1972. 

[Robl] T. Roblin. Sur la fonction orbitale des groupes discrets en courbure negative. Ann. Inst. 
Fourier 52 (2002) 145-151. 

[Rob2] T. Roblin. Ergodicite et equidistribution en courbure negative. Mcmoirc Soc. Math. France, 
95 (2003). 

[Sar] P. Sarnak. The arithmetic and geometry of some hyperbolic three-manifolds. Acta Math. 
151 (1983) 253-295. 

[Sch] B. Schapira. On quasi-invariant transverse measures for the horospherical foliation of a 
negatively curved manifold. Erg. Theo. Dyn. Syst. 24 (2004) 227-257. 

[Sha] R. Sharp. Periodic orbits of hyperbolic flows. In G. A. Margulis, "On some aspects of the 
theory of Anosov systems" , Springer Verlag, 2004. 

[Sto] L. Stoyanov. Spectra of Ruelle transfer operators for axiom A flows. Nonlinearity 24 
(2011) 1089-1120. 

41 



[SV] B. Stratmann and S. L. Velani. The Patterson measure for geometrically finite groups with 
parabolic elements, new and old. Proc. London Math. Soc. 71 (1995) 197-220. 

[SuU] D. Sullivan. The density at infinity of a discrete group of hyperbolic motions. Publ. Math. 
IHES 50 (1979) 172-202. 

[Sul2] D. Sullivan. Entropy, Hausdorjf measures old and new, and the limit set of geometrically 
finite Kleinian groups. Acta Math. 153 (1984) 259-277. 

[Tuk] P. Tukia. The Poincare series and the conformal measure of conical and Myrberg limit 
points. J. Analyse Math. 62 (1994) 241-259. 

[Vig] M. F. Vigneras. Arithmetique des algebres de quaternions. Lect. Notes in Math. 800, 
Springer Verlag, 1980. 

[Wal] R. Walter. Some analytical properties of geodesically convex sets. Abh. Math. Sem. Univ. 
Hamburg 45 (1976) 263-282. 

[Wie] N. Wiener. Tauberian theorems. Ann. ol Math. 33 (1932) 1-100. 

Department of Mathematics and Statistics, P.O. Box 35 
40014 University of Jyvaskyla, FINLAND. 
e-mail: parkkone@maths.jyu.fi 

Departement de mathcmatique, UMR 8628 CNRS, Bat. 425 
Universite Paris-Sud, 91405 ORSAY Cedex, FRANCE 
e-mail: frederic.paulin@math.u-psud.fr 



42 



